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Why Teach Gomputat i dnal Estimation 



Estimation has long been recognized as a. valuable^ useful skill in 
many vocations and in daily life; With the growing useofcal cul ators and 
computers it is vital that people be able, to judge the reasonabl eness :of 
an answer. Also there are many instances where an. estimate is all that is 
required to make an important decision.. Despite the importance of 
estimation it has sel dom . recei ved serious attention in curriculum 
fnaterials and teachers have had few resdur-es available for supplement i ng 
their own ideas. Evidence of students' performance on estimation 
indicates that most students. do not have high . prof iciency with it, nor do 
even good estimators have a strong level of confidence in their ability to 
estimate. 

How Were These flATERiAts Developed? 



In recent, years there has been a renewed interest in this topic, 
including ah increase in research on students' thinking on estimation 
tasks and on learning specific estimat'o^^ strategies. This curriculum 
development project has been built upon this growing body of research. 
These materials were developed as partof a National Science Foundation 
project to provide a teaching resource for middle grades ^nd junior high 
school. This particular s'^t of lessons is designed to provide systematic 
instruction of effective estimatic strategies in Grade 8. Other sets are 
available for Grades 6 and 7: 

These lessons have been successful ]y _ used in schools. (A report 
documenting their effectiveness is available from any of the authors.) 
This package of lessons has been field tested and reflects helpful 
suggestions that have been provided by many teachers and students. 

The extensive field testing, of these material s reveal ed that there 
are many i ngredi ents . necessary to. helping students become proficient 
estimators. One of these . i ngredi ents whi ch you wi 1 1 want to keep in mind 
as you. use .these materials is the development of a proper mental set for 
estimation. This includes: 

1. Recognition that estimation is important and useful. 

2. Awareness thr' y situations require only an estimate. 

3. Recognition that there are many ways to uotain reasonable 
estimates . 



Page 1 



How Are the flATERiAts GrganIzed? 



Fifteen lessons have been written for each grade. Each lesson has 
the following components: 

1. Db ject i ves The objective [s] for each lesson is stated at 
the top of the First page of teacher notes. 

2. Teacher Background This section discusses the strategies 
taught in thi lesson in detail. Sometimes it also provides 
some additional background notes to help teachers better 
understand the approaches used, 

3. Teachi ng the Lesson Brief suggestions for teaching the 
1 esson are provi ded. The major portion of each lesson is 
developed through overhead transparencies. You will need 
to make the transparencies from the paper copies provided 
in these materi al s . The trarisparenci es often provi de 
real -worl d setti ngs requi ri ng est i mat i on . They a i so 
present key steps highlighting each strategy along with 
examples for students to try under your direction. We 
think you will find the transparencies very useful in your 
teaching. __They _ highlight the main ideas and focus 
students' attention on the key steps. 

4. dsi n g the Exerd se s Brief comments and suggestions for 
usi ng the assignment sheets are given, 

5. Student Assignment Sheets . A two-page worksheet is provided 
for. eacTi 1 essonT" Ea"ch_ worksheet also_. provides .some 
real-world applications of . estimation.. These should.be 
started in. class and completed as. homework... As time 
permits^ discussion of selected exercises the following day 
will promote estimation thinking and awareness of the many 
ways of obtaining a reasonable estimate. 



What Are the Lessons? 

The lesson titles for the 8th grade materials are given here. In 
most cases the titles are descriptive, however please refer to the 
specific lessons for a more comprehensive explanation ofc the tooie. 
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Lesson 3. Convatible 'Jienb'er otrave^u - 



,i0^o^:.Z'zon or ^ ract zons ana U'^'Cl'id zs .I'edr , ■ , ana . 



^esson IS, z'3zzm'atznc7 



act i o n o f a iVi irrb e r 



'jC'S'sok 11: Estimating i^iultiple Operation Problem's 



lesson 12, -Mutt ip tic at ion and Division of Nvmbsrs Near i^owers of T 



y^sson 13. Addition of i\-ixed Fraczions and decimals 



lessoh 14, Estimating tercent of a Number (Near Pc jers of Ten. 



Lessen IS: Estimating Percent of a Number <Near Common Percent's 
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Us i N6 THE i'^ATf R [ PI S 



The process of . opi ng students' est i rnati oncompettMcy is d long 
one. As they have ren€i'":ed contacts with estimating and as they develop 
competence with, specific t-?r')'-<iques for obtaining an estimate, students 
will gain, skill and c ■)'^ i \.e"":-i. Althotigh your students may noc reach a 
high levvfl. of cbmpetenc/ i* )ne year, progress will be made through 
systemati c i hstructi on , 

YdU [i3V9 ch impj. .^-"jt ,;o!e to pi ay in developing students' ability to 
estimate. Initially many students may show resistence toward estimating. 
Other students will welcome the opportunity to. share sel f -devel oped 
estimation strategies. Through discussion of thinking strategies with 
students and the encouragement of students' shari ng_ thei r own. thi nki hg f or 
a problem, you can help them gain new appreciation for the estimation 
process. 

We think' these lessois emphasize the important cdmponents of 
estimation skill and _wi ^ 1 dj most interested in learning about your 
experience in using them. Everything needed for classroom use has been 
provided in this package. You are welcome to copy any or all of these 
materials to share with colleagues or students. Good luck to you! 
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NSF'ESTiMATieN 
GRADE 8 - LESSON i 



QBdEEXilES. 



Create an awareness for the usefulness of estimation. 



Establish the idea that there are many different yet r-^^ 
sue'cessful ways to maVe estimates. i-^:.,^.; 

introduee and develop the front-end addition strategy for 
whole numbers; 

TEACHER BACKGfiOUND 

This is an important lesson for students; It will help them begin to 
appreciate the importance of the skill of estimating. This 
appreciationfor estimation is necessary as students begtn to learn 
various estimation strategies but it takes time to develop. Relaying 
vgur own everyday experiences with estimation will help students 
develop this appreciation. 

The astiination technique introduced in this lesson is the FRQNT-END 
strategy for additi^n^ The FR0NT-END strategy is an al ternati ve_ to 
rounding which is found in many textbooks. Rounding will be developed 
later in this series of less ns. 



The FRONT-END process begins by focusing on the lead digits.of : 
problem. These lead digits are added and the appropriate placa 
value is 
attached^ At 
this stage an 
UNDER^ESTIMATE 
is obtained. 
Students .should 
be encouraged 
to ADJUST this 
initial estimate by 
focusing on the 
next group of 
digits. The 
example 

illustrates the 
entire process. 



2,568 
+ 1,454 




front-end) 7 



PLACE value) 7^000 



ADJUS" 



5 



FINAL ESTIMATE 



ahoai I ZOO Moiz^ 
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The emphasis in this process is oh working with the. most 
important digits-the lead digits (front-end digits): Stddents 
shobld recognize that th'ese digits give the best information 
aboot the problem; In this_ lesson problems will be presented in 
both horizontal and vertical formats; Ah example of the 
F[^9NT-END process for hbrizohtal format is givah: 



2,328 + m + 5,19^ + 28 

fa Ghoose the important digits: 2+5 = 7 
I- Attach the appropriate place val-e; 7,000 

AdJUSi: X_800^ more ^ 

Estimate: 7,800 



The crucial step when working with such a problem is to 
determine which digits to use in Step 1^ Encourage students to 
think about the di gits which represent the 1 argest p ■ ace val ue . 
' Also i 1 1 ustrated i n thi s problem is the fact that one addend 
(28) was not used in the estimation process. Student:- wi 1 1 
quickly see that it represents a very small amount rel::'ive to 
the whole problem. 

In the last example the adjust step was accomplished oy ;^entally 
adding the hundreds digits (3 +4 +1). Another acceptable 
method for adjusting might simply be recognizing thot about 
another 1000 is needed, producing an estimate of 80C0. Don't 
worry too much about the closeness of the adjust step. Accept 
any reasonable amount. Discussion among class members will be a 
powerful tool for this lesson. 

teaching the lesson 



part I: A. Use-JR #1 to share with students a vari ety 'Of 

everyday experi ences of estimation. Can students 
; think of otherexampjes? Feel free to discuss other 

examples of estimation you or your students have 
encountered. As you go through each example, a3k_ 
students to quickly est i mate; the answer, Emphasi ze 
the need for quickness and mental calcul at ions 
because in most of these situations quickness is 
important as paper and penci 1 are not accessibl e. As 
students produce estimates, discuss different 
strategi es used . At thi s poi nt the strategies used 
may be rather crude or limited to only rounding. 
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Stress that there are many ways toestlmate each of 
the examples^ and throughout the year youMl be 
sharing a variety ofthemwith theclass. It is very 
important that studentsrecognizedifferent 
estimation strategies can be successful. Emphasize 
that a variety ofstrategies are acceptable if they 
produce a reasonable answer. 

Ask students* to think of examples of estimation other 
than those shown on TR #1: For example: Why i^s 
estimation important when using a calculator? 

B. Summarize these key features of estimation: 

DOME QUICKLY - as tima is usually limited 

DONE MENTALLY - as paper andpenci 1 ^ are r 
: generally not accessible 

PRODUCES A REASONABLE ANSWER - as this is all 

the situation 
calls for. 

Ask students to-keep these features ' in mind. This 
win help students better understand the value of 
estimation as wel 1 as the strategies and techniques 
they wi 1 i be learning. 

PART II: A. Point out to studentsthat they are going to learn 
one technique for estimating today and will be 
focusi ng on others as the year continues. 

The front-end strategy can be illustrated to students 
by using TR #2. 



The key features of the front-end strategy are: 

1) focusing on the lead digits 

2) adjusting tht^ figure based on the extra 
information (extra digiti:;.^. 

Practice this technique using the "TRY THESE" 
exercises at the bottom TR #2. Encourage oral 
discussion on each of the exercises so it is clear to 
everyone how the the front-^end stratecqy is used. 

B. TR #3 provides an opportunity to use the front-end 
strategy for p^-oblems presented horizontally. 
Emphasize th'^ importance of correct place value. 



s 
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Also focus dh drily irtipdrtarit digits td apjDly the front- 
end strategy, Fdr example,, recognizing that 68 and 89 
cdritribut'e little tdward making a frdnt-erid estimate 1s 
a key cdncept. .EricdUrage students to take a global look 
at.f^e numbers in a prdblem, then select appropriate 
values to make an estimate.. .This approach not only 
produces. a gddd estimate, but is quicker and easier 
than dealirig indiscriminately with all values. 

Go through the "TRY THESE" exercises dh TR . #3 with the 
class. Point out features .( such as Unequal number of 
digits) that might caUse stL.dehts difficulty. 

USING THE EXERCISES 

After you have gone through the_"TRY THESE" on the transparencies 
and discussed them, your students should be ready for more independent 
work. Assign student sheets 1 and 2 to be done during the remainder 
of the class or as homework. 

Arisw£R__:<£y. 



1 . 


31 and 119 can be Ignored 




2. 


17 arid 87 can be i snored 




3. 


489 and 105 can be ignored 




a. 


27 and 5 can be ignored 




n - 
v> . 


81 and 197 can be ignored 




6. 


2298; 5027; and 1765. acceptable range: 8000-9300 


7. 


14,927; 33,452; and 10,253 


; acceptable range: 50,000-50,000 


8. 


1,412,537; 2,075,126; and 


3,275,019. acceptable range: 6 mi11ion-7 million 


9. 


53,475; 10,753; and 25,127 


. acceptable range: 80,000=90,000 


10. 


152,7^6; 457,279; and 298,275. acceptable range: 750,000-1,050,000 


n . 


11; 1 160; about 120 more; 


1200=1300 


12. 


9; 9000; about 1,300 more; 


10,300-10,500 


13. 


11; 11 0,000; about 1 1 ,000 i 


more; 122,000=125,000 


1^. 


4; 4000; about 1,200 more; 


5,200-5,500 


15. 


5; 6090; about 1,8D0 more; 


7,800=8,000 


16. 


7; 70,000; about 7,000 more; 77,000-80,000 


1 7 ; 


6,060-7,109 




18. 


15,000-16,200 
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19. 1,400-1,500 

20. 25-35 

21 . (a) (answers may vary) Ar.hland arid I atari arid Tiptori 

(b) (ariswers may vary) Kansas City, Springfield and St. Jose'pri 

(cj acceptable range: 800; 000-900, 000 I 

22. (a) (answers may vary) Delaware and Rhode Island f" 

(b) (answers may vary) eonnecticat, Mairie, Massachusetts, ^^ew York 

(c) 85j006-105,000 mi"^ 



O 
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The movie E.T. brought 
in ^ record $102 milBoh 
in its first ironth. About 
how much money did it 
make per day? 



The Thompson's dinner bill 
totaled $28.75. they plan 
to leave about a 1 5% tip. 
About how much should they 
ieave'? 







>o£eer 



anee 




Sunday 4,312 



1,816 



Friday 



2,498 



Estimate the total attendance, f 



Front- end i> the lead digits total 7 




Place vafde (> 7 thousand 



Adjust ^ 



1506 more 



Estimate t> 8,500 



TRY THESIS 

4,916 1,716 24,316 20,298 

2^392 2,453 17,393 4,316 

^ 3,105 3,312 40,216 + 31,986 

+ 2,569 
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To Estimate: 

32,412 + 1,068 -h 45,089 



1 . Front -end - 



The most important dTqits i 
are 32^412 and f5,Q89 I 



• • • • • 7 



2. PlacQ vak^ 



70,000 



3. Adjust 



The next group of important \ 
digits are 2 thousand, 1 
1 thousa nd and 5 thousand, i 



8,000 



Final estimate 



78,oas 



TRY THESE: 



1. 3,426 H- 2,819 -j- 1,146 



2. 23,463 -1^ 10,416 + 1,892 



3. 345,216 -F 41,842 ^ 10,463 



4. 42,463 4 1^459 ^ 2,563 ^ 3Q,458 
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Cross bat tv?d values you would igrldfe in making an estimate. 



4527 
31 
119 
+ 7^4R 



527 
489 

17 
698 

87 



3. 



42,756 
489 

56, 177 
105 



119 
27 
897 



4927 + 81 + 197 + 34625 + 5476 



Check the three most important values you would use in making a front-end 
estimate. Then use them to make an estimate. 



6; 



3 

59 - 
2,298 
5,027 
+ 1,765 V- 



14,927 
33,452 
189 

_ _ _58 
+ 10,253 



1 ,412,537 
2,075,126 
5,894 
12,176 
+ 3,275,019 



9. 53,475 + 829 + 45 + 10,753 + 25,127 



10. 152,746 + 1,573 + 457,279 + 458 + 5217 + 298,275 
Estimate eaeh total . 



ADJUST — ^ 



n. 346 
219 
438 



12. 3,469 
2,943 
+ 4 ,(369 



13-. 38,496 
23,984 

^6U^49 



ESTIMATE: 
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14. 3,486 
593 
- + 1 ,36 4 



I FRONT--END > > 



PLACE yAUl£ ^ 
I ADJUST — ^ 



ESTIMATE: 



17. 4,349 + 1 ,128 + 1 ,590 



18. 4,250 + 10,830 + 1,090» 



19. 425 + 1 ,083 + 19 cs 



20. 14.25 + 10.83 + 5.98 + 2.19 



21. if you were to estimate the population total 
for these towns in Missouri: 



15; 1,046 
438 
2,919 
+ 3 ,5716 



16: 31,416 
2,814 
+ 44,168 



(a) Which populations could you ignore 

and still make a good estimate? - Ashland 859 

fatan 87 

(b) Which cities did you h^p"^ Kansas City 675,298 

Springfield 119,247 

St. doseph 87,256 

(c) What is your estimate? . Tipton 1,426 



22. If 'you were to estimate the total area 
for tnese eastern states: 



.2 



(aj Which states could you ignore and 

still make a good estimate? Connecticut 5,009 mi.^ 

Delaware .2,057 mi" 

(bj Which states did you use? Maine 33,215 mi^ 

Massachusetts 8,257 mij 

New York 49,576 mi^ 

(c) What is your estimate. Rhode Island 1,214 fiii 
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NSF ESTIMATION PROJECT 
GRADE 8 - LESSON 2 



OBJECTIVES : Review the importance of estimation in oar soc^pty; 

Illustrate the front-end strategy using a money model 



Introduce the idea of adjusting by grouping compatible 
amounts- 



TEACHER BACKGROUND 



The FRONT-ENDstrategy for additionis used in this lesson 
with a moneymciel^ The adjusting process is handled rlightly 
differently thanin Lesson 1. In Lesson 1, students us^d thp 
next group of digits to adjust tne initial estimate. For 
exampl e. 



3,426 + 2,119 + 745 

front-end: 3,000 + 2,000 = 5,000 

ABdUST: 4G0 + 100 * 700 = 1,200 
estimate: 5,GGG -f 1,200 = 5,200 



For problems containing more than 3 or 4 addends thismethod 
of adjusting, althougfi very accurate, is too cumbersome. 
Instead, the adjustment is made by taking a more global look 
at the remaining digits and grouping them in some fashion. 

For example. 




ABOUT $g. 
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The frbrit-erid digits total $7. To adjust this initial estimate 
$7, the remai rii rig. digits (the cent amounts) can be grouped 
to dollar amourits (.98 is about $1; ;23, ;43, and .42 is 
about another $1; .139 is small so igridre it; The final 
estimate is about $7 + $H or $9. 

The adjustment of the Initial estimate is made 5y grouping 
the unused numbers to a convenient total (in this^ase to 
dollar amounts). This same process can be used when working 
with whole numbers: 




FRONT-END : 1^ 

PLACE VALUE : 14,000 

ADJUST: 3.000 

ESTIMATE ; 17,000 



This adjusting by grouping compatible amounts is a powerful 
estimation technique which will be used in conjunction with 
many other estimatidri strategies. This process may even be used 
aldne^ . without the f>"ont-ehd step, to form an estimate when, work 
ing with smaller numbers: 




Estimate; About 5001 



IS 
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TEACHING THE LESSON 



PART I. To begin this lesson, display TR #1 , '•That 's A Fact?" 
Read each fact and discuss which "numbers represent 
exact val ues and which are cl^early estimates ^ Poi ht 
oyt the use of key words (e.g. more than) for depicting 
estimates in some si tuat ions whi lei n other s_t he 
context alone identifies a number as anestimate. 
Thi s i ni ti al di scussion wi 1 1^ hel p students better 
appreciate the uses of estimation; 

An interesting and true story wi 11 help il lustrate 

how the appearance of a number influences the 

message it gives to the reader. Relate this story 
to the class. 

A team of surveyors were sent to Mt. 
Everest to take an official measurement 
of it's height. They decided to make 6 
independent height measures then average 
these to determine the "official'* height. 
The 6 measurements were: 



The team studied the 

obtained average and 28,990 

were concerned that 28,991 

readers might view 28,994 

29,0QQ ft^ as a rough 28,998 

estimate rather than 29,001 

a fairly precise 29,026 

measure. So, they 

recorded their 174,000 r 6 = 29,000 
off ici al calcul atlon 
as 29,002 ft. 



Discuss with students why the surveyors might have 
been concerned with ah official measure of 29,000 ft. 

PART II. A. Students will be. familiar with the idea of front-end 
estimation frbm.Lessdn 1. . . . Di spl ay . the. grocery ticket 
on TR.#2. The. front-end digits total $7- Adding all 
the digits in the. second column; would be cumbersome. 
So rather than adjust .as we did in Lesson 1, illustrate 
the idea of grouping the cent amounts: 



THESE MAKE ABOUT $1 




THESE MAKE ABedT $1 
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The adjusted estimate then is $7 + 1 + 1 or $9; 
Provide as much practice as necessary with this 
^'grouping" idea using the "TRY TRESE" problems. 
Point. out the difference between this adjustment by 
grouping. and the adjustment by mentally adding digits 
as done in Lesson !. When the problem i nvol vesmore than 
^; 4 addends grouping will be a more useable adjusting - 
procedure. 

B. TR #3 i 1 1 ustrates the f roht-end/groupi ng technique 
using whole numbers. _ Allow students plenty of 
f 1 exi bi 1 i tyi n what numbers they choose to group, 
in the example, hundreds are grouped but students in, 
your class may suggest an alternate grouping technique. 



G. Finally, TR #4 is provided to allow morepracti ce 
in this grouping procedure. _ In this transparency, 
grouping is used as an enti reestimation technique 
in itself the front-end approach is not needed 
because of the size of the numbers. 



HSTNR TH= 



Exercises are provided which give students practice using the 
front-end/grouping strategy on decimals (money) and whole numbers. 
Also provided are problems such as those on TR #4; 



1 . 


about 


200 


2. 


about 


300 


3. 


about 


3,000 


4. 


about 


3,000 


5. 


about 


200 


5. 


about 


20,000 


7. 


about 


200,000 


8. 


about 


500 


9. 


$4-$5 




10. 


$8-$9 




1 1 . 


$10-$1 1 


12. 


$7-$8 




13. 


$14-$16 


14. 


$15-$17 




15. 


519-$2i 


16; 


S15:-$18 


17. 


less 


18; 


1 ess 


19. 


ftiof e 


28. 


1 ess 


21 . 


1 ess 


22. 


1 ess 


23. 


more 


24; 


1 ess 


25. 


more 


26; 


more 


27. 


1 9Sb 


28. 


no 
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That 





Which of these facts contain 
estimated values and which 
contain exact values??? 



\\ Gari you teil the difference? | 

^» • § 

*> _ _ _ - m 



The Gross National Product for 
1978 was $2^127^560^000^000. 



Hank Aaron hit a record total 
of 755 career hcmeruhs. 



The 1980 census reported an 
American population of more than 
221 miilion people. 



Madbon Square Garden In 

New York has a_seatlng 
capacity of 19,571. 



the median age of the U.S. 
population is 30.2 years.. 



Female population increased 
by 731,000 more thaih itiale 
population since 1970. 



Richard Kriecht, aged 18, 
recorded 2S>222 consecutive 
sit*^ups in 1 1 hours 14 minutes 
on bee. 23, 1 972. 



The average salary of a 
professional basketball 
player Is $165,000. 
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This is a grocery store ticket where 
the arndUht has been torn away. 
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Books How many books wersi sold 

W^ek SoLd_ during otsr 7 day book drtve? 




Est?mat@ .... i . . , 1500 



TRY THESE: 



1; 



4,527 
1,416 
3,798 
+ 1,243 



2. 



436 
129 
317 
486 
553 
4- 198 



3. 



3,517 
1,278 
2,643 
3,495 
^ 1,287 



Front-end . . , 
Adjust . . . . . 
Estimate . . > 
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This suti csp be estimated 27 

by grcRspsE^g numbers to 
form GQiWPATiBtE sets. 

65 

81 




300 



TRY THESE: 



1; 37 ^ 46 89 24 4- 59 73 



2i 246 4* 356 4- 689 + 843 + 986 ooobi book for thousands! 
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Name: 



Check for cdmpatiole numbers as you estimate each total. 

♦ 

1. 72 2. 88 3: 515 4. 457 

25 55 369 .^39 

89 43 812 812 

+ 13 78 189 541 

9 575 359 

+ 25 + 43-2. + ZBl 



^^ 
53 
85 
45 



1256 
8495 
2463 
7475 



7. 



51284 
4:^592 
13485 
+ 85269 



13 
246 

85 
153 



Estimate the total far each ticket, 
9. 10. 





S 4.19 
3.89 
1.79 
.49 

tax .^a 



12. 

' wjuiMW>>*'*rt^ii>>'ni<v\ a rill ■'r*^^ ' 



tax 



1 .49 
2.39 
.79 
.29 
1 .59 
.49 



13. 



14; 



15. 



16. 




ERIC 




tax 



4.38 
1.41 
2.19 
.89 
.79 
1 .36 
4.29 
3.14 

;6S 

.91 
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Estimates for each problf-.m below have been given. .Decide, whether the actual 
answer would be MORE Or LESS than the estimate by ADJUSTING. 



17. 



18. 



19; 



We have collected 
signatures from the 
3 preei net's of our 
city. Estimate the 
total . 

4,396 
5,129 
2,416 

Estimate: 12,000 



MEMBERSHIP 
DRIVE 

Here are new 
recruits : 

Mon . 39 
Tues. 87 
Hed . 75 
Thar. 18 
Fri. 129 

Estimate: 400 



About how much 
will I need? 

S3. 14 $1.69 

. $2.98 

Estimate: $7.00 



For each set of items decide whether they will total MORE or LESS than $20. 

20. - 21 



22. 



24. 



26. 







7 more 
less 










more 
i less 


















1 more 
1 ess 








1 "1^2:99^ 


more 
/ less 



23. 



25. 



27. 







more 
"^91 less 



28. Estimate the answer below. _ Then briefly describe how you got your estimate so 
that it can be shared in class tcimdrrow. 



ERIC 



You have only a $5 bi 1 1 . Your father 
sends you to the store for 2 cartons of 
milk at SI .89 each and 3 loaves of bread 
at 694 each. Do you have enough money? 



How 1 Bid it: 



NSF ESTIMATION PROJECT 
GRADE 8 - LESSON 3 



OBJECTIVE: To introduce and develop the clustering strategy: 



TEACHER BACKGROUND 

The clustering strategy is suited for a particular type of problem 
which is often encountered in everyday experiences. l±^ ' -. ah he __tp_ed . 
when a group of numbers cluster around a comm on value . (a ^^^naggLj . 

Since all of the values worlo^s^f a^r^a^teno aNC£_^]_jUl 

are very close to each 



other in value, to es- 


Hon, 


72.250 


timate the total attendance 


Taes . 


53.819 


for this time period. 


Wedn. 


57.^90 


US3 CLUSTERING: 


Thars . 


73. 180 




Fri; 


74.918 




Sat; 


58.490 



"^ESTIMATE AN AVERAGE 



^11 -fRe, numbers 

cluster afbund IG.OOO 



MULTIPLY THE AVERAGE BY THE TOTAL NUMBER OF VALUES 



(^t^ 10,000 \ ^iG, 0GQ 



It is important that students recognize differentpractical uses 
of clustering. (This is explicitly done in transparencies 2 and 
4.) Such experiences will not only aid their understanding of the 
process but also increase their sensitivity to real world applications 
of this powerful strategy. 

The clustering strategy is only useful in a particular situation 
(when all of the numbers are close in val^ue). It is powerful because 
it reduces a problem involving several additions to one which involves 
a simple multiplication. Don ^t worry or ask students to adjust the 
estimate. It is often very difficuU because it is hard to deter- 
mine if the average used is too high or ;iow. If the numbers involved 
lend themselves to adjusting, fine but don't force arv- adjustment . 



TEACHING THE LESSON 



PART I: Displaythe world's fair problem oh TR #1; Ask each student 
to estimate the sum and to record their estimate oh scrap 
paper. . 

discuss the different strategies used. Some students may 
use a front-end pi^ocess or a rounding strategy. It is 
likely that someone in the class will have used the CLUSTERIN3 
idea (even before instruction). If so, have them explain 
the process. 

Also be sure to discuss its main advantage reduces amount 
of numbers being worked with. 

PART 11: Use TR #2 to practice finding a q_ui_ck average given a group 
of numbers. 

Ask students to describe situations where these data might 
result and why totals would be needed. If necessary get _ 
discussion rolling by asking which information would likely 
report : 

Student test scores: About, how. many total points 

do I have? 

Season attendance totals: About how .many people 

attended during these 
five seasons? 

Lunch bills for a group: About how.much did we 

spend on lunch altogether? 

Walking distance: About how far did I walk? 



PART III: Use TR #3 to apply the clustering process. 

I 1 . y > ESTIMATE AN AVERAGE. 

2. ^ MULTIPLY IT BY THE NUMBER OF VALUES'. 



After going through the two steps -—.AVERAGE - MULTIPLY 
oh the daily tpUrs example do the. "TRY THESE" exercises. 
Discuss the estimated averages (there may be more than 
one used) and estimated total . obtai hed dh each of them. 
Use the averages obtained earlier and apply the multipli- 
cation step to obtain estimated totals. 



\ 



5-3-2 
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PART IV: Shdw the problem in TR #4. Ask. students. _tb. gUess oh. which 
days there wer.e severe thunderstorms. (Maybe the. .rain 
dh Sunday and Monday . kept . the concert attendance . fi gUres 
down). Discuss why it would be better to Use a clustering 
st^ltegy on five days and a front-end for two than rely 
dh a single strategy. 



EncdUrage students to Use a combi nati bn_bf clustering and 
frdht-end as they do the TP^ THESE on TR ^4. Asking 
several di fferent _ students . j discuss the. procedures they 
Used in these mu.lti step problems wi 1 1 be time well spent.. 
Also challenge them to describe situations where information 
like this wdUld occur. For example, 

( 1 ) --Monthly show fall totals from November to 

April --find approximate amount of snow for 
season. 

(2) --Cdst of grocery i terris--f i nd total cost. 

(3) --Yards gained in each bf.seven football 

games--fihd season total. 

(4) '-PbpUl ati on of.states in a regi on--about 

how many people live in the region. 



-KEY 



1 . 


Average 


2. 


Average 


3. 


Average 


4. 


Average 


5. 


Average 


6. 


#2 


7. 


#1 


8. 


#5 


9. 


#4 


10. 


#3 


11 . 


Average 


12. 


Average 




You don' 


13. 


No 



50,000; Total - 300,000 
5.00; Total - 30.00 
30; Total - 180 
7; Total - 42 
8,000; Total = 72,000 



50,000; Total - 250,000 
6 miles; Total - 35 miles 

have to add "messy" fractions which contain unlike denominators 



ERIC 
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14. Yes 



15. 
15. 
17. 

18. 



No 
Yes 



4 
6 

4 
5 



760,086 
40,066 
About 



80,000 
30,000 
About 



200,000 =$1 ,000,000 



2,866,666 

3,666,666 

$320,000 
0 

1 mi 



1 on 
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Estimate th© totaB attendance 
for this testie period . 



:{c Estimate the sum 



Te8i hdv^ yooi did it 



ice 




Mdn. 


72,250 


Tues. 


63,891 


Wed. 


67,490 




73,180 


Fri. 


74,918 


Sai 


68,490 



Hero's on© way to do ii : 





ASS of the figures 
are near 70,000 . 

So, 

6 days X 70,000 
is 420,(^. 
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Hidden Gaves 
7 Tours Daily 






To estimate the total number 

of visitors, make a simpler 
problem by clustering. 



Look at all those messy 

numbers and choose a simple 
one they are all close to. 



Record for 



17 



Tour 

1 

2 
3 
4 
5 
@ 
7 



Visitors 

82 
90 
87 
97 
94 
8S 
93 





2 T h 
2. 5g 



3. 1,875 -f- 2,150 4- 2*075 -f 1,979 =r 



104,316 
98,397 
8 1 ,4 1 2 
\ 1 14.900 



5. $213,180 
199,277 
275,500 
168,831 
f 228,362 



Total: 



About how many peopSe 
att(affKSed the concert? 



{Multiply: 
Front--en^ 

Total estimate: 



Sunday 

Monday 

Tuesday 

Wednesday 

Thursday 

FrSday 

Saturday 




.3© 

AS 
.36 
3^ 
^ .?9 



4 



/ 



Feb. !^ar. 

1 m 



Apr. 

i 



3. 28 35 -I- 29 28 -|- 32 200 25 = 

- 4. 5,346,274 
4,915,276 
5,490,879 
4,705,630 
4,591,286 
^ 11,418,251 
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Estimate an ave-age -- ■^•Hen the total; 



1; 63,287 

51,266 Estiaated 

59,875 

63,459 



+ 64,265 Averagis 



2i 4;a9 

5.19 Estiaated 

5.87 

4,79 

4.97 
+ 4.50 



Average 



3. 41 

3d 

25 
20 
32 
+ 29 



Estiaated 



Average 



Total 



Estimated 



4. 6 3/4 
7 1/8 
7 5/8 

5 2/3 

5 9/10 Average 

+ 5 15/15 



Total 

5. 8,852 

7,953 Estioated 

8,245 

8,107 



Tb tal 



Total 



8^089 Average 

8,452 
8,135 
5,823 



Total 



The information in Problems 1-5 could have come from different sources. Choose 
a reasonable match; 



6. Total cost for a group's lunches. 

7. Total attendance for a rock concert tour. 

8. Total cost for a fleet of ears. 

9. Total weight of some small watermelon. 

16. Total attendance from different scout troups. 



Probien # 



11. Estimate the total attendance at last year's football games. 



ESTIMATED AVERAGE: 



ESTIMATED TOTAL: 



Army 

Penh State 
Colorado 
Oklahoma State 
Kansas 



ATTENDANCE 
43,941 
56,321 
•42,83£' 
48,904 
53,327 



ERIC 
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12. Abnut how riiariy miles long is the entire bike tour? 



BIKE TeUR 



ESTIMATED 
AVERABE: 



TOTAL DISTANCE: 




Why is clustering easier than adding all 
the different fractions? - 



13, 



1.25 
.023 

7.843 
.96 
+ 3.52 



YES NO 



strategy be a go 


od estimation str< 


itegy to ase here? 


14. 482 


15. 853 


16. $1.5 million 


512 


457 . 


2,6 million 


6l2 


245 


1 ,92 mi 11 ion 


409 


38 


1 .87 mi 1 1 ion 


-F 507 


+ 49_£5 


-4- 2.04 mi 11 on 


YES NO 


YES NO 


YES NO 



17. Here are the salaries for 
a basketbal 1 team — 

$750,295 
710,450 
687,260 
675,025 

50,275 

42,520 

41,500 

37 i 450 

35*280 

33,455 



18. Here are the prices of homes sold 
by one realtor this year. 

$76,500 

81,255 

82,575 

80,450 
170,800 
180,275 
195,450 
199,999 
260*450 



About what is their total 
payrol 1 ? 



About what was the total 
for the year? 



sales 



are two averages 
Helpful here? 
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NSF ESTIMATION PROJECT 
GRADE 8 - LESSON 4 



Objecti ves : To estimate differences using the frdnt-end and/or 
~ ' " compatible numbers strategies. 



TEACHER BACKGROUND : 

Throughout this estimation program students should be recognizing and 
accepting: 

• that estimation is important, 

« that only an estimate is required in many situations^ 

« that there are many ways of obtaining ah appropriate estirnate, 
and 

"othat any estimate within a reasonable range is acceptable. 

They also should be gai ni ng_ conf 1 dence . i n their own ability to 
estimate, as wel 1 _ as f 1 exibi 1 i ty in their estimation thinking. To 
obtain these goals it is. important that.you "engage them in discussion 
and listen to how they think. This will be especially true as this 
lesson is developed. 

In thi s . 1 esson _the focus. is on subtraction- Two methods for 
estimating differences will be explored: 



1; Front-End Subtraction 

2: cosnpatible Number Subtraction 



As the size of the numbers gets larger, the emphasis will be on 
labeling the pi ace val ue^correctly . For example, toestimate 

24,896 - 15,383, students will be encouraged to write • 

24 thousand - 15 thousand. Thi s notation cl eans up the probl em by 
el imi nati ng unnecessary digi ts and al so emphasizes_ the correct pi ace 
val^ue. National assessments have shown that one of the major errors 
made by students as they estimate is incorrectassignment of place 
value. Whenever you are .dealing with large numbers, it is a good 
general practice to 'emphasize the place value through language and in 
writing as in the example above. 



38 



8=4-1 



FRONr-END SUBTRACTION 



The technique of front-end estimation is extended to subtraction 
of whole numbers. The rteps are similar to addition, although 
the thinking changes for Step 2. 



6573 
- 329^ 



step 1 : Subtract 
the lead digits. 



6^3=3( thousands ) 



■Slep. 2 : Gompare 
the rest. 



Step 3: Adjust, 



5 5 7 3 
3 2 9 4 



573 is greater 
than 294. 



over 3000 , or 
about 3200 or 3300 



This indicates that the 
answer is over 3000 since 
if exact computation were 
being performed, no borrowing 
would be necessary in the 
hundred ' s col umn . 



Here the front-end differ- 
ence ( initi al estimate) of 
3000 is adjusted to produce 
a final estimate. ClV-er 3066 
is acc.eptable. By subtract- 
^ T^S. "^he hundreds di gi ts ^ or soitie 
variation of that, an esti- 
mate of 3200 or 3300 can be 
obtai ned . 



If instead^ the 



em were: 



6573 
- 3839 



I can ' t subtract 8 hundreds 3^ 
f r om 5 h undreds so I'd need 
to borrow. My estimate is 
less than 3000. 



At this point students should be able to decide if their estimated 
difference is more or less than the initial^ front-end estimate. 
Some students will be abl^e to go ahead and mentally borrow to 
produce an adjusted estimate of 2700. 



the thinking for step 2 might be: 



£-GEMIlBh£ HmBER SURTRA£TIO-N \ 

Uni 1 keaddi tion which may contain many addends, subtraction 
is performed ijsing only 2_numbers at a time. Beca''use this 
is the case^ frequently we can take auvantage of the 
particular numbers involved tc make our estimate. For 



exampl e : 



Although the.frbht-ehi subtraction technique can be used, the data 
in this problem lend themselves to forming a new problem containing 
a compatible set of numbers: 



39,660 40,606 

or •^_ll,06n or ^.£0^00 



'^Q?l^?_'^^?^_?^?h_of these new pi^oblems is relati^vel^y close to the 
original data but each is easier to mentally compute. 

Compatible number computation simply refers to studying the given 
problem to see if a new problem can be formed which: 

1. is relatively close to the original and 

2. is easy to mentally compute. 

Each of these estimation strategies will be applied to subtraction 
problems in this lesson. Encourage discussion as your students 
practice both methods. 



TEAGfllMG THE LESSON 

PART I. Trahsparehcie's #] and #2 . i htrbduce the steps of the frbht-ehd 
subtraction strategy. Like frbht-ehd additibh., step. bhe is 
simply - a matter bf.operatihg (ih this case, subtracting) the_ 
. lead digit and assigning the correct place value to the result. 
This results, ih ah i hi ti.al estimate . For subtraction, the 
second step involves* studying the next digits to see if the 
initial estimate should be adjusted upward or downward. 
Encourage students to view this step as they would if performing 
exact computation would borrowing be required? 



1. 2-1=1 10,000 

2. No bbrrbwihg would be 
heeded in. the 2nd column 
so the_estimate is_more 
than 10,000 (10,000+) 

3. 6-4=2 or 12,000 
is a good final estimate. 

TR #2 illustrates t.he opposite case where adjusti^ng downward 
woul^d be necessary. Take extra time on this example as it is 
more complex than TR #1. 

The TRY THESE on TR #2: provide a mixture of both ^ypes of 
probl ems . 



PART H. It is important for. your . students to realise that there are a 
variety of niethbcs to estimate differehcrs. No doubt, sO'/'e of 
your students have already been using a more traditional 
rounding. approach. The aim of these lessons is to present 
alternative strategie:^ to students so that they can eventually 
make their own choices. 

A_powe"jful strategy which is a fo^r; of rounding is the 
COMPATIBLE. Nl!y3ERS scrategy. It has already been used in a slightly 
different f err. in previous lessons. TR #3 highlights how this 
idea can be used to produce quick estimated differences. ■ 

For example. 



26,894 

--14.J-86 



S3.m 25.6^9 



i^p.re are 



several ways 





How can the problem be cleaned up 
to produce a more. compatible set of 
numbers to work with? 



63 thousa/Ki - 23 thousand 

cr 

£ thousand - 25 thousand 



8-4-4 



41 



Either. of these hew problems is relatively close to the 
drgihal and yet _[nueh easier to mentally process. Encourage 
students to be flexible in translating the given problem 
to a more cbhvehieht, relatively accurate form, 

PART III, The^final transparency provides an opportunity to practice 
estimating.differences when 1 arge numbers- are involved. 
Again, tfe focus is on establ i shing the correct place value 
through an emphasis on written place value. 



ANSWER F£I 

1, a, over 200 

t , under 260 

2, a, under 500 
b, over 506 

3, a, under 500 
b, over 566 

4, a, over 3000 
b, under 3660 

5, a. under 2C00 
b, over 2666 

6, a, under 42,000 
b, over 42,000 

7, a, under $2 
b. over $2 

8, a, under $130 
b. over $130 

9, over 500; 510-520 

10. under 200; 130-150 

11, over $2; $2,30-$2.56 

12. over 3000; 3300-3500 

13, under $3; $2.50-$2.76 

14. over 4000; 4400-4t00 

15, over $3000; $3300-$356e 
15, under 200; 140-190 



17. 


under 4000; 3500' 


18; 


$5-$5.5d 


19. 


S3i3i3G-35Q0 


20; 


5500-5900 


21 . 


S35,00Q-$38,QG0 


22. 


$34,000-$35,000 


23. 


$23,QO0-$24,OOO 




C 

r 


25. 


T 


26. 


T 


27. 


T 
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1. Front-ena dfifference. 



10,000 

2. Compare the rest. 
fi6,894 



3. How much more? 

lie . 



2^1 is i 
The place value is 
10,000 




No borrowing heeded 
It will be 
more than 10,000 




6-4 is 2 
or 12,000 




ERIC 



1. Frbrit-ehd differehee. 



i-P 0,000 



2. Compare the rest. 



,493 
,649 



3. How much less? 



TRY THESE: 



74,368 





- 38,499 



6-2 is 4 
The place value is 

40,000. ^ ^^.^^ 

/|r ^^^ _.,,,^.*(j^irst estimate^ 

Since I'd heed to borrow here, 
my estimate is really 
less than 40,000. 

Second estimate 

If I borrowed ^ I'd get 

13-5 or 8. 

So, ^ly estimate is about 38,005 . \ 

^Iha l es timat^ 

38,496 4,863 
15,848 - 2,946 
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15 



a 

i 



Compatible Number Subtraction 

63,493 
- 25,649 



[I] 

B 
0 

m 

(D 



How can we change this problem 
just a little to make it easier to 
mentally cbmpute? 




or 




or 




TRY THESE: 

1. 26,483 2. 4,546,Q09 3. 46,893 

- 9,683 ? 943,046 - 27,416 

^ ^ 4t 4 

26 thousand 4.5 million 
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Estimate: 



8,426,983 
- 54 6,823 






Wfieh estimating with large numbers, 
it often helps to write the approximate 
hurhber using words. . . 




That's about 

S miiiion - j_ mllHon 
2 

or 7 miltioh 
2 




E: 



23,467^^"^ 
- ^,o46,593 




estimate: 18 million 



TRY THESE: 



9,234,981 
- 489,339 



12,776,324 
- 2,489, 492 




56,229,119 
27,554,889 



123,334,876 
- 52,665,896 



ERIC 



47 



8-4-TR4 



Name: 



draw arrows to show if the estimate is UNdER or OVER the amount shown. 

1. 375 ^ 375 2. 837 837 

- 169 ^_189 ^J59 - 319 

^^"^ £00 see 

y 

under -'^ under 

3. 542 682 4. 5147 ^..^^ 5147 

- 155 - 155 - 2088 ^'^^ - 2488 

500 3000 

undar under 

5. 5327 5327 5. 85,291 85,291 

- 4589 ^ - 4189 - 43,756 ^^^^ - 43,056 

2000 42,GGC 

under under 

7. 14. 53 14.59 8. $185.54 ^ ^- $186.54 

-12.75 - 12.35 ~ 59.63 - 55.63 

S2.00 S13d 

under under 

Use front-end or compatible numbers to estimate each of these. 



852 

- 3.-^5 

bver^' 

V 

under 
About 



500 



10. 427 

- ^86 

over 

under 

About 



11 



200 



$8.51 
6.24 



over 

under 

About 



52.00 



As 



8-4-p. 1 




13; $5;28 



over 

under 

About 



$3.00 



16. 841 - 697 



over 

under 

About 



200 



19. $8111 
- 4888 



About- 



14. 9624 

- 5187 

over 

4000 

under 

About 

17. 5594 

- 1879 

over 

4000 

under 

About. 



20. 8613 - 2984 



About 



21. $45,106 
- 8,727 



22. $50,000 
= 15,3a5 



23. $34,471 
- 10,609 



About 



About_ 



About 



rhe 5 largest cduhtries in Europe; 



France 211,207 sq. miles 

Spain 194,896 sq. miles 

Sweden 173,731 sq. miles 

Finland 130,119 sq. miles 

Norway 125,181 sq. miles 



Use this irifdrmatioh to decide if these sentences are TRUE or FAtSE; 



24. France is more than 100^000 sq. miles larger than Norway. 

25. Sweden is about 21,000 sq. miles smaller than Spain. 

26. Finland is less than 5000 sq. miles larger than Norway. 

27. Sweden is more than 40,000 sq. miles greater than Finland, 



ERIC 
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NSF ESTiMATiDN PROJECT 
GRABE 8 - bESSGN 5 



OBJECTIVES : To illustrate and practice estimation of products with whole 
numbers using a rounding strategy. 

To determine the direction of adjustment as a natural 
ccimpahion of rounding. 



TEACHER BACKGROUND 



This lesson Uses traditional rounding techniques to estimate 
products of whole numbers. Special rounding techniques and 
mental computation involving multiples of ten should have been 
reviewed prior tothis lesson. If students are weak in either 
rounding or mental .computation, you may need to spend additional 
time on those ski lis. 

Traditional work with rounding usually results in questions, such 
^s: "Should I rcund to tens, hundreds or thousands?" Mithout 
direction from you or a natural understanding of estimatidn it 
IS difficult to decide what to round a number to. In real life 
situations, the numbers themselves, along with the probleiri 
context, hold the key. For example. 

If the attendance was 49,269 at the game and someone 
asked, "How.many people attended the game?", it would 
seem natural to say either "49,000 or "about 50,000." 
Reporting the exact value or the nearest tens or 
hundreds would interest no one except the ticket 
sel 1 ers ! 

If you wanted to.knov^ the population of Mexico City^ an 
answer of_14 million would probably be more useful than 
13,993,855. 

If the price of a shirt is $8.88 and someone asked, 

"Kow.much is that shirt?", it would seem natural to say 
"$9 " '^'^j 

In 3ach of these cases, the rduriding [Drocedure was a convenient way of 
cleamng up numbers so they are easy to handle. Since nearly all C3f 
our estimation strategies rely heavily on mental computation, we 
round numbers to values that are reasonable , ygt easy to compute" 
i s ] s a poweFTui and exfremeTy useful ru 1 eTFaFTT TTso very — 
flexible. It will be followed in all of our estimation lessons. 
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The majority of this lesson is devoted to multiplication involving two 
or more_digit3. We want students to sense that estimation is a 
powerful tool and feel.this is more likely to happen when large and/or 
messy 



numbers are i nvol ved, 



Hhen_a one by two digit 
problem is to be estimated, we 
recommend that the one digit 
factor _be unchanged, while the 
other factor is rounded to an 
easy number to compute. 

Ad3_uB-tiiient : At this stage we 
want students to realize when 
an estimate is too high or too 
low. Stronger students may be 
encouraged to actual lymake 
some adjustment for the 

rounding error^ ^O.'^bl^ 

example, the caption could be 
extended to "400, but this is 
too high. So I'll say about 
350." 

This adjustment should be a 
natural process, often more of 
a gur level feeling than an 
algorithmic procedure. 
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Whe'i both factors have two or more digits, eacn wi 1 1 be rduhd^d to 
values easy to compute and this provides the heart of this lesson. 



If both factors are rounded up, 
students should recognize the 
product is too high. The adjusted 
estimate could be written 2800- 
indicating that the estimate should 
be less than 2800. 

tikewlse, when Both factors are 
rounded down, students should 
recognize the product is too low. 
So a refined estimate is 24000-^. 

If one factor is rounded up and the 
other down, there is no general 
rule for quickly tell ing whether 
tne product is too high or low. 



38 X 69 (jiBoo 



61x427^ 




36 X 543 
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Good estimators have been found to employ modifications of the 
technique, especially when both factors are 2-digit numbers* Three of 
them are shown. 

a; 19 X 43 : Round one f actorto tens : 20 x 43 

Then do 20 x 43 mentally: 20 x 43 = 860 

5. 28 X 48 : Round one factor to tens 

and the other factor to fives: 25 x 50 
Then do 25 x 50 = 1250 



c. 35 x 65 : When both factors end in 5, ^0 x 60 = 2400 

round one up and the other or 
down: 30 x 70 = 2100 



Be alert to these and other _ vari atibhs that some individuals may use. 

Encourage them to share their thinking. with the other students. 

Remember that any estimate is acceptable as long as it falls within a 
reasonable range of the exact answer. 



TEACHING THE LESSON 



PART I: Use TR #1 to establish the three step rounding 
procedure: 

!• ROUND to numbers that are easy to mentally 
compute 

2e MULTIPLY mentally compute the rounded digits 

3* ADJUST."- vvhehever factors have been rbunded. i ri the 
same direction, decide how the estimate should be 
adjusted 

Point out during your discussion of the "TRY THESE" that #3 
illustrates that one digit factors need not be rounded. In 
fact some students may mentally compute an exact answer. If 
it happens fine, but an estimate 490 or "a little less'* is 
equal ly fine. 

PART II: Tr #2 and #3 provide additional practice in using 

the rounding strategy and suggest additional adjustmen^^^ 
techniques. 

TR #2 illustrates rounding to various precisions. 
Since students should feel comfortable with, 
different. estimates, please emphasize that from _ 
here bri, how they round is ujD to them,_ They should 
only rbUnd as closely. as they can_handle mentally, 
each . tb thei r . bwh ability. This freedbm of choice 
shbUld_be_reflected thrbUghbut the discussion bf 
the "TRY THESE." 



52 



8-5-3 



TR #3 helps identify bounds for larger products. 
Mention that itiost people need almost one iriihUte to 
find the exact products whereas a sodd estiiriate can 
be made in seconds. Students . should realize that 
the sarne principles for roUndihg and finding 
estimated products apply for -large hUmbers. It 
might impress some students to khdw_they can 
estimate a product (such as^2 bh TR ?3) that 
bverloads_mbst inexpensive hand calculators. 
Problem #2 also allows for several . combihatioris" of 
answers and should prbmbte discussion. Help 
students recognize that. correct answers (i.e. too 
high, low, hard to tell) will vary and depend on 
the .strategy Used. You might discUss the. 
difference between estimates produced with 2,000 x 
80,000 and 2,00.0 x 83,000 for the_example_on the 
transparency. Which is better? Is 83,000 a 
mentally mahagable factor? 

Although . adjUstihcf answers is_hbt a central focus 
of this lesson, some feeling for how an.estimate 
compares to the exact answer should be fostered. 
Students should recognize an estimate, as a ceiling 
when all factors are rbUhded down. When some 
factors are rounded. Up and others down, the 
estimated product will usually be close to the 
exact value but it. is often very difficult_to 
determine whether it is too high. or low. Encourage 
students not. to spend _a lot. of time trying to make 
these comparisons. After all, if you are going to 
spend very much time on it, you might as well 
compute an exact ANSWER, 



ANSWER 


KEY 


1: 


560 


2. 


5600 


3: 


5600 


4. 


2000 


5; 


200 


5. 


2000 


7: 


2100 


8. 


2100 


9. 


2100 


■ 10. 


2hOOO 


11. 


2,100,000 
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12. 24,000 

13. 90,000 

14. 40 X 40 

15. 80 X 3d 
15. 200 X 70 

17. 20 X 90 

Answers may vary on 18-27 

18. 90 X 70; 6300- 

19. gg X 40; ?500- 

20. 70 X 40; 2800+ 

21. 50 X 40; 2400+ 

22. 70 X 50; 3500; no adjustment or ? 

23. see X 50; 30,000- 

24. 20 X 300; 6,000; no adjustment or ? 

25. 300 X 400; 120,000; no adjustment or ? 

26. 100 X 100; 10,000- 

27. 800 X 90; 72,000- 

28. $10 X 50 = $500 

29. 40 X 200 = 8,000 

30. 50 X 200 = 10,000 

31. 80 X 50 = 4,000 or 90 x 50 = 4,500 

32. 80 X 400 = 32,000 or 90 x 400 = 35,000 

33. 20; 1200; 72,000; 1,440,000; 42,000,000; 420,000,000 

34. 2 4 
3 4 
3 9 

35; either 3 or 4 

36. either 4 or 5 




There are 48 candy bars m a box. 
57 boxes were ordered for ttle 
school sale. About how many 
candy bars is that? 



T@ Estimate: 



Round 




To EstiiTiate? 

3^ 



2S 60 



Adjust 




H^UStlpii 



rounded up 

8c, B€.OQ 




20 X SO 
mor© thafj 1800 or 1 60< 




1. 79 



2. 83 



© 8 
X 7 



4, 42 
X 33 



Round 

MultSpiy 

Adjust 



Round 



Round 

Multiply 

Adjust 



Round _ 



Adjust 
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How do you decide what to round to when estimating? 



That depends oed: 

1. The specific numbers In the probiern. 

2. How weiB ^ou can muitipSy mentally. 



Example: 



21 71 169 (is approxsmateBy) 



6ood ©stcmate 



Better ?i5-stlmate 



20 X 20© = 4000 ^ 

20 X 170 =■ 3400 

21 3^200 ~ 4200 1^ Also a good estimate 

21 }i 170 ^ 3570 ^ Great estimate, 

but who wants to 
rmjitiply 21x17 
mehtaHy? 



TRY THESE: 

l^buTid, then estimate. 

1. 37 X 109 =^ 2. 18x312^ 3; 11x514 = 
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Estimate: 



Round 



67413 
X 586 



70,000 
X 600 




42,000,000 



than 42,000,000 

or S & 

42,0005000 - 



Te Estimate". 
83,149 



How Would 



you ad] 



Down 
2Q0g X 83, 000 

166,000,000 





42,389 
X 637 



How wouS^ 
you adjust? 



2. 77,469 

. 49 



3. 186,^-..'-3 
X £) 



57 
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Use mental compatati bri to find the products 

1 . 70 X 8 = 

4. 40 X 50 = 

7. 30 X 70 = 

10. 300 X 70 - 



2. 70 X 80 =_ 
5. 4 X 50 =_ 
8. 3 X 700 = 



11 . 3,000 X 700 



3. 
6. 
9. 

12. 



7 X 800 =_ 
4 X 500 =_ 
7 X 30b = 



20 X 30 X 40 = 



13. 30 X 50 X 60 =_ 




Circle what you would use to estimate if you round both factors; 



14. _36_x_-42 , 

15. 82 X 27 
15. 212 X 71 
17. 24 X 89 _ 



3D X 40 
80 X 20 
200 X 70 
20 X 80 



30 X 50 
80 X 30 
200 X 80 
20 X 90 



40 X 40 
90 X 20 
300 X 70 
30 X 80 



40 X 50 
90 X 30 
300 X 80 
30 X 90 



Estimate. Then decide how your 

+ 

13; 86 X 67 ? 

20. 71 X 43 
22. 71 X 48 

24. 18 X 315 

25. 98 X 99 



estimate should be adjusted. 

+ 

1 9. 87 X 36 ? 

21. 63 X 44 ^ 

23. 485 X 59 ^z^:^^^ 7 
25; 293 X 408 



Z/ . ' : i X 68 
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Estimate each answer by rbUridirig. 

28. Jim earns $9,40 a week doing chores; How much is this in ^ /ear? 

29. A baseball Umpire works home plate 41 times a season. At an average 

of 194 pitches per game, how many pitches per season does an umpire call? 

30. If the average junior high student answers 53 questions (oral and written) 
per school day^ find the total for a 179 day school year. 

31. The JdnesMedical Center averages 83 births a week. Mhat is the total 
for one year? 

32. Chris has 82 . regul ar customers on her paper route. About how many papers 
does she deliver each year. 

33. There are 19. pairs of jeans sold every second in the United States. Use 
the table below to determine about how many are sold in 1 year. 



TIME ■ j 


1 SEEQND 


1 MINUTE 


1 HOUR 


1 DAY 


1 MONTH 


1 YEAR 


NUMBER 1 

0F i 
dEANS 1 








— 1 








34. How many digits does each product contain? (You don't have to 
write the estimated product.) 



NO. OF DIGITS PROBLEM 



3 X 28 
3 X S9 
43 X 19 



NO. OF DIGITS 



43 X 68 
4 X 743 

8,342 X 35,475 



35. Ifyou multiply a 2 digit number by a 2-digit number, how many digits 
wi 1 1 the product have? 



36. If yoa multiply a 2-digit number by a 3-digit number, how many digits 
wi 1 1 the product have? 
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NSF ESTiMATiON PRedECT 
GRADE 8 - LESSON 6 



dBJECTIVE: 



TEACHER- 



To estimate whole number products asirig the FRONT-END 
strategy . 



This lesson describes the FRONT-END strategy for multiplicati on . 0 u s L 
as in front-end addition, the lead digits are the focus. Here is an 
illustration of the strategy: 



8 -^HS^ 




Multiply the lead digits oo 
Estimate the rest 
3y Ad just 3^,00 





13 abda-f hB 



This strategy. is powerful in that it. has the adjust step built in and 
general ly yi el ds a more accurate. estimate than rounding. The front-end 
strategy is most useful for probl ems with a. 1-digit factor. At first, 
students may need to record intermediate values as they use the 
front-end strategy. If so, encourage them to do so. 



Students should realize. that written. ROUNDING or f 
to .estimate, mul ti pi i cati bh , It is their decision 
i nf 1 uenced . by the. numbers involved. For example, 
Front-End is usually 
easier and more 
producti ve than 
rounding when a one 
digit and. another 
multi-digit factor 
are involved. 



RQNT-END.can 
but is often 



be used 



4 X ?JS 
or 

8 X 5287 



Lend themselves 
to Front-End 
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If each factor has several di gi ts , . such 

as these, rounding is generally quicker 47 x 29 1 Lend themselves 

and easier. > 

3155 X 895 j rounding, 

Earh strategy produces a reasonable estimate. Once the strategies are 
understood and mastered, the choice of which to use in a gi ven'^si tuation 
rests with the individual. 



TEACHING THE LESSON 



PART I. Use TR #1 to_.hel p studehts.understand and appreciate the uses of 
both FRONT-END and BACK-END computation. A BACK-END process is 
generally used when we find an exact product: The_FRONT-END 
process is all that is heeded to produce a good estimate. 

PART II. Use TR J^2 to develop tho FRONT-END strategy for problems with a 
1 -di gi t factor . 



1. Mul tip^yusing the lead digit: Is $12:00 an over- 
dr uhder-estimat2? To get a closer estimate, we need 
to look at the rest of the digits: 

2. We have rounded 78_to_8Q, but you could also simply 
use. 70.--" this will let you see the digit being 
mul t i pi i ed , 

3- Add.ihg_the results from steps 1 and 2 gives us our 
ADJUSTED estimate. 

Students. should practice this procedure on the "TRY THESE," which 
also includes several involving whole nurnbers. 

TR ^3 extends the FRONT-END one digit multiplication to larger 
numbers. The emphasis should be on getting a reasonable answer 
quickly as students work the "TRY THESE." 



ANSWER KEY 



1 . 


2400 


2. 


7200 


3. 


3500 


4. 


1800 


5. 


2580 


6. 


7380 


7. 


3920 


8. 


1980 
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n 



12; 



$6 

$120;00 
5123.06 
S48.00 

1 .m 




or 



$48.00 
SbO.OO 



13. 



350,000 



14. 



320,009 
344,000 



15. 10,000 
2,000 
12,000 



16. 



1 ,400,000 
280 , 000 



17. 



54,000,000 
1 ,800,000 
55,800,000 
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18. 3540 X 4 

12,000 
2,000 
I4i000 

19. 6 X 764 

4200 

-MB 

20. 6 X 47,752 

240,000 
48,000 
288,000 

21. 7 X 105,551 

700,000 
42,000 
742,000 



22. 8 X 2.39 

$16.00 
3.20 



$19.20 



8-6-3 



iViUiliplysng usuaHy starts at the "back-end" of tHe problem: 




We work om ¥«'ay to th^ froot: 



437 

3496 



To Find A Oeed Estima?eo«. 



ing starts at the 



437 



3200 




— -4 



240 &0 




3440:'^ ■ 



Better es!-'f'-.;te 




j estfrnatlng, use as maeiy digits as 
Ive you the kin^ of estirhate you ii< 



63 
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About 



much will 4 cans cost? 





Iply the lead 
4 X 3.78 



Estimate the rest. 

78 Is about 80 







Aj^jyst 



1200 -F 320 = $15.20 



IIY THESES 



7 X $7.41 



5 X $5.19 



4 x$3.S8 



9 5J 324 



5x5 
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:ipiic2ti 

(Big numbersj 




hi $8 a ticltet, about 
how much money was 
brotiglit in fey tHe concert? 



Seating Capacity: 
4,625 



Some "f each of ttiese prooleiis.liave l)een.Dlacl;e(l oot. 
Use tiie inforiiatiofi mn to M an estimate for eacti. 



Find a closer estimate 
5. 43® 6. 



I 9 



3; 5^ 4: 3« 

X i 



1. 5 61 3. 3 3S 



Use FilOH^[ilD to find an estimate: Repaber t^ie steps 



8 t 4,625 - $32,008 



2, iiiply by ifie oexi £ligit 
g x i2§ = 4800 



32,000 -f 4,80e = $38,800 m 

IS 



TRY THESs: 

5 x 8,345 - 4x 62,425 s Si( 148,785 = 

1. Lead digit 1. Lead dip Uead digit 

2. Ni,-:! digit 2. tetdigit 2. i^extdigit 

3. Estimate 3. Esiimate 3. Estinex 



2 ) est i mate t iie re st 



3 ) adjust 



9. 52.21 X 3_. 


10. 520.M X 


11. ii.it 1 1 










E) 




12. 353 X 6 


13. ?M41 X 5 


li «,25I X 8 


E> 


B— 




15, 2,38/ i 5 


6, 237,«1 X 7 


17. 6,204,752 x9 


D- 

E) 














66 


8-6-p;l 1 





Apply your estimation skills here- 



13. About 3540 calories must be burned to reduce one pound of body weight. 
About how many calories will need to be burned to lose 4 pounds? 



19, During 1979 the U.S. Immigration Service reported 764 immigrants from 
Sweden and about six times as many immigrants from the USSR; About 
how many immigrants were reported from Russia? 



20. The Department of Defense repiorted 47^752 U.S. casual ties in the 
Vietnam War. About 5 times as manyU.S. casualties were reported 
in World War II. About how many U.S. casualties resulted during 
World War II? 



21. The National Eenter for Health Statistics r^po^^tsthat 1 05 , 551 accidental 
deaths were reported in 1978. Nearly 7 times as many cancer related 
deaths were reported. About how many cancer related deaths occurred 
in 1978? 



It is estimated that each person in the United States.dr i nks about 8 
packs of soda a year. If each 6-pack costs about S2.39, about how much 
does an average person spend per year? 
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NSF ESTIMATION PROJECT 
GRADE g - LESSON 7 

OBJECTIVES : Estimate quotients by finding the eorreet place value and 
lead digit. 



TEACHER BACKGROUND 

Long division is a difficult and time consuming operation. No 
computation topic produces more errors than division, so estimation 
skill takes on increasing importance. The value of estimation 
strategies is to produce a reasonable answer quickly, which is the 
purpose of this discussion. 

^- t^i' nding the cprrect place value . This is an important step in 
estimation . Once completed it provides some definite bounds on 
the quotient. Here are two different approaches that locate 
the place value of the quotient. 



Look at the thcuGr.r;ds. 

4 thousands ^- there are not 
enough thousands to divide. 



Look at the thousands and 
hundreds . 

4' hund^-^ds you eon 
u I vide 8 into 41 . 



The first digit in the quotien"* 
must be hundreds so there 
must be 3 digits in the quotient. 



Placing the dashes in_ the problem (either mentally or in 

writing) provides a reminder that the quotient must have three 

digits. Thus it must_ be between 100 and 999. This is an 
algorithmic technique but highly useful in division. 




8 h 1 B 7 



8 lYTTl 

8 /l-l 8 7 



8 h 1 S 7 
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Another approach relies on multiplication by powers of ten; 
For example: 



b\ 8 jTTYT 



Since 4187 is 
greater than 

800^ the 

quotient must 
be greater 
than 100. 



8 X 100 = 800 



Since 4187 is 
less than 

8000:, the 

quotient must 
be less than 
1000. 




So 4Ht*, ^uo-herif is ^reaJfCr 
-jt^dn lOO tiu4 (ess 4+>ctn IbOQ. 



8 X IGGG = 8000 



This approach rewards mental arithmetic and develops a good 
quantitative sense. Students adept at multiplication by powers 
of ten can quickly obtain place value bounds on ahy quotient. 

F1 ndi ng the 1 ead 
digit . 

To_tind the first 
digit in the 
quotient divide 8 
i nto 4] as if you 

were performing 5 
exact computati on . 
Thi s may not 
always be the 
closes number of 
hundreds but wi 1 1 
always b*^ a lower 
bound. 

Furthermore, it 
provides a good 
estimate for the 
quotient . 



8 ITTYT 
So w\y e:5hrr\a^/» \e 



Together these two steps provide an easy strategy for 
estimating the quotient. 

1, Identify the number of digits. 

2. Find the lead digit. 

There are certai nly .other approaches to estimating quotients 
(compatible number division will be i ntrorirj-ed in Lesson 8) but 
thi s. froht~ehd strategy provides an eas^ to learn technique 
which .compliments exact computation i i" ruc::ion and also 
(T'^ovides a Method for finding a good vst;-^rnaced q(j3tient. 



TEACHING THE LESSON 



Part I. Develop the two steps shown on TR ^1. s^ep 1, encourage 
students to find the number of digit' / ^jliding their find*^. 
along until the number of digi'ts in ^ quotient is cl?.., 
Placing a hash mark immediately above t^e apprcipri:ite 
position provides a useful recorJ. As .oon as they. decio> 
the number of digits (Step 1) encourage them to dotermir^': : iie 
lead digit (Step 2). Be sure students realize thr.l chis 
procedure pre zes a good estimate. 



Part II. TR #2 encourages students to 
they can bdUhd the quotieht . 
the contihUum but don't 
push for f"od much 
accuracy. . You might 
simply ask if it is 
closer to one or the 
other. You may 
mention that the. 
scale on the continuum 
varies but don ' t make 
a big deal of it. 



do 



the mental 
k them to 



mul tipl ication so 
Mace a check on 



10 



100 



1000 



Part Hi. TR_^3 allows students to make. ah estimate. The choice of 
method is theirs. . Encourage di scussion of the different 
strategies used. AlJd.ask them to make up a problem that 
fits the data in the TRY THESE problems. (About how much 
does Bill Ball make per week'^ per year?) 
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ANSWER KEY 



1 ; 


3 


2. 


2 


3. 


3 


4. 


4 


5: 


4 


6. 


3 


7. 


5 


8. 


4 


9 . 


4 


10. 




n . 


1 U'J 


12. 


2,000 


13. 


300 


14. 


5,000 


15. 


400 


15. 


100 


17. 


5,000 


18. 


3,000 


19. 


1 ,000 


20. 


80,000 


21 . 


400 


22. 


1 ,000 


23. 


10,000 


24. 


500 


25. 


500 


25. 


500 


27. 


5,000 


28. 


100,000 




400 


30. 


7,000 


31 . 


2,000 


32. 


10,000 
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A car cost $9750. 

About what will each 
of the 48 paymeiTits 5e? 
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Total cost of tuition and books 
at my coSligge is $2645 a year 



About how much is that per month? 






$ioe 



$1000 



12 X 105 
12 X 100G 



200 a 



20 



ever $200 



&3 




TRY THESE: 



8)11: 



10 



100 



1000 



100 



1000 



10000 



100000 



365 ) 587,623 



ie 



100 



10i' 



looon 
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52) 1850000 
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Decide how ..lahy digit,: are in each quotient. 

digits 



1. Ar-TS' 



2. e/ToT 



digits 



3. 5/2 8 5 4 



&^ digits 



4. S/^WTTT 



digits 



5. 9/4 5 3 /2 



digits 



5. 3/XST 



digits 



7. 4/5 32 17 



digits 



8. 7/4 3 5 1 6 



digits 



g. 8/9 2 5 1 



digits 



10. 7/T9 4 5 3 



di gi ts 



Record the lead digit estimate for these quotients. 



11 . 4/FTT 



12. m 5 2 3 5 



13. 6/T 8 0 5 



14. 9/4 6 7 21 



15. 5/2 14 7 



16. 



17. S/TT^ 



18. 9/3 5 4 76 



19. 4/5 17 4 



20. 8/7 0 1 5 4 6 



73 
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Decide how many digits will be contained in each quotient then write 
the lead digit quotient. 



21 . 5/2 5 4 5 

23. 5/6 17 4 5 

25. 8/5 5 8 4 

27. 7/4 3 5 2/ 



Circle the best estimat.:: for these. 
29. en 5 5 9 



3G . 8/5TWd" 



31. 4/TBTT 



32. 5/612 4 3 



22. 7/-8TE"! 

24. 9/4 9 7 5 

25. 5/tTF1 
28. 8/9 510 75" 

40 400 4066 

7 70 706 70ed 

2 26 266 2060 

10 100 1060 10000 
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NSF ESTIMATION PROJECT 
GRADE a = LESSON 8 



ERIC 



OBJECTIVE : to i htrddUce..th"e compatible numbers strategy f 
" with 1- and 2-digit divisors. 



SI on 



TEACHER BACKGROUND 

Division. is typically a difficult dperatidn for students, especially 
as the size of the numbers become larger.. One df the important parts 
of estimating a quotient is identifying its place value. 

The 3 main steps of the COMPATIBLE NUMBERS strategy fdr divisidn 
presented in this lesson are: 



^identifying the correct place value. This is a very _ impdrtaht 
step which was established in the previous lessdh. It will help 
students avoid place value errors in .estiniating. quotients, which 
are very common. Here is a review of the thinking prdcess. 




/ 7 ^t>^sn'4' 
/n-te 2. . . . • 
7 ^oes mfe -27. 



7/2735 



o So, there are 3 digits in the 
qUdti eht , 



7 /TT 



2 . 1 Cnangi ng the dividend to a. number which i s .cdmpatibl e with the 
divisor. The term compati ble numbers refers td a set df 
numbers which are easily computeci and always depends dh the 
operation being done. 



7 / z: 7 _ 3 6 



7 rOTT 



some-ftiin^ 7 dulses 
ln4o evenly. ^ 



[ 3 . 1 F Tn a 1 1 y , carry oat the division, 



7 /2 8 G G is ILILX 



7 
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In this.lessbhj students are. introduced to th1 s .p^^dcedure first 
one^digit. divisors. Next^.they apply the procedure to two-digit 
divisors by rounding the divisor. 

Finally., a. series of problems are presented where rtjdeht^i are free to 
change both numerator and denbmihatbr to fdr^ a compatible pair. 



T£A£_Fim.G THE LESSON 



PART I; Use TR #1 tc :rlp students develop the notion of GQMPATIBbE 
NUMBERS- Show the examples r ' non-examples one at a time 
until a student can verbali;ic . tiat eGMPATIBbE NUMBERS are. 

Ask students if the same numbers (say 64 and 8) are always 
compatible? You might ask why 54 and 8 where changed to 60 
and 8 in the second example, in fact the second and third 
examples remind us that whether or not two numbers are 
compatible depends on the operation involved. 

PART H. Use TR #2 to develop the steps of the eQMPATIBtE NUMBERS 
strategy for division, 

1. Emphasize thinking about the first steps of the 
traditional 1 ong_ di vi si on algorithm where would the 
first digit be placed? Above which digit of the 
dividend? Qnce this is_ decided, you know how many 
digits the quotient will contain. 

2. Ehange the dividend so that it is close to the original 
number but also a multiple of the divisor. In our 
example, if the "'ividend were changed to 3200 it would 
be ^enly divisible by 4. The dividend might also be 
ch-: ged to 3500, although this would yield more error. 
At this point encoura^je any reasonably close compatible 
number. 

3: Use the information obtained from the first 2 steps to 
make an estimate. 

These steps produc^'a rea^nable estimate: However some 
students may wrnt/to make some adjustments. If so, encourage 
them to adjust chfe^stimate by consider i ng whether the actual 
quotient is more or less than the "initial estimatej^ In our 
example, 3342 was rounded down to 3200 so our estimate is an 
under-estimate: The refined estimate is "over 800:" Simply 
identifying it as over or under takes advantage of 
information that is easy to obtai n and carries the estimation 
process one step further. 

Ask students to do the "TRY THESE." Discussion of their 
estimates should include their choice of compatible numbers. 
If adjustments were made, encourage descriptions of the 
processes used. 



76 
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PART nr. Use TR ^3 to i 1 luitrate the COMPATIBLE NUMBERS process for a 



problem with j Z-d-^git divisor. 

The divisor is f-'rst rounded to the nearest ten then the 
process is carried out just as with 1-digit divisors. 

Ask students ^to. do the- "TRY THESE." Discussion of their 
estimatt?s Tl likely produce different pairs of compatible 
nuriibers. For example, 



Please encourage the sharing of different compatible numbers 
and be sure everyone realizes that both estimates (80 and 90) 
are reasonable. 

Some students with a global view may use "other" pairs of 
compatibles. For example. 



Either pair produces __a reasonable estimate. It also reminds 
us. that several "different pairs" of compatile nur:,oers may 
exist for the same problem ah'i brbvides an entry to the next 
transparency. 



PART IV, In many instances the div-^sor Cc.n be left unrounded. _In other 



eases ^oth dividend and/or divisor can be changed to form a 
compatible pair. This is_a more sophisticated process but one 
which is an exciting challenge to many students. 

TR #4 i 1 1 ustrates . several exarr.pl es of ho"/ this process, might 
work. Let yQur..students_study these examples and use the 
process_on the "TRY THESE.". EncoUrage . students to "think of 
pairs of compatible numbers" until at . least three different 
pairs have been identified. It. .should be noticed that 
"different pairs." will produce "different, estimated . " This 
is an important . by product of Using compatibles ari should be 
recognized by students. 




8 0 

5 0 / 4 0 0 0 



9 0 

5 ofTWo 
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ANSWER KEY 



:^ 

4 
3 
2 

2 
3 
3 
4 
3 

Answers may vary for hliiric- ; 10-21 



10. 


7 


/ 3 5 00 


or 


1 1 . 


5 


/ 5 0 0 0 




12. 




/ 4 000 




13. 


50 


/ 5 0 0 0 




14. 


50 






15. 


30 


/ 12,000 




16. 


144 ^2 
12 






70 


/ 5 3 0 C 






50 


/ 4 5 0' 


9 


19. 


90 


/ 7 2 0" 


8 


20. 


15 


/ 4 5 0 


30 


21. 


25 


rT"5ir 


30 


22. 


30 


/ 6 0 0 0 






34 


7 5 8 0 0 






35 


/ / 0 0 0 






40 


7 8 0 0 0 




:3. 


25 


7 7 5 0 0 






30 


7 7 5 0 0 




24. 


14 


7 2 8 0 0 






15 


7 3 0 0 0 





8-8-4 

O 

ERIC 



2. 

3; 
4. 
5: 
6. 
7. 
8. 
9; 



25; 40 / 3 2 5 e 80 



25. 19 / 3 80 0 200 



27: 30 n 2QQ 40 

28; about S20O 

29. about 570 

30. about $20 

31 . about S30 
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20MPATliLE NUMBEIS? 



These are not 
compatible liumbers. 




These are 
compatible, htimbei's. 



-5- 



35 4- 65 ^ 50 -h 



8 



nenii'iir-nin^l 



8 



4} 280© 



19) 3S 



4 



X 17 X 



^ ( i X 16 ) % 1i 

4 



Compatible numbers are sets uf numbers which are easily computed. 



7) 2249 



Make a 
cornpatibSe set. 
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Ldootify the p-ace yaiue of m'z, _ ..:.jikierrt 






•jSQSi 3200 




4 > 3342 



8-8-tR2 





40 i ^Sl; 



^ C: io 4800. 



If- 



ciiarige 4^ t© 44 
?o 8S,0e 'X 




2(11 , '0(30 




<-;>'-; y p= ^ .-^ 



OD 




Decide how many digits are in each qMotient. 



d i g i cs> 



digits 



digits 



53 VT?^4 



d i 'I i r s 



- D 

.:i gi ts 



5. 28 rrj^m 



'3 /TWrJ' 
digits 



digit 



^9 /~T77 



digits 



:han'- each -v'iden:. zo a -ompat i b 1 e number. 



;0: 7 /TE^ 



1 3 53 



11. 5 , j" 

5 /" 

14. 48 rrn^o 



o o 



Change eacr, -iivisicn a compatible number set an'" diviue. 

Chanae to Esl" 

16. _ 



:'4 J> / b 



8 r 



28 /1 3 , / 6 2 



30 



17. 59 ■'TYl- 



18. 49 rrxr 



20. 15 /^^rgir 



21 . 26 /~ '.oT 
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Each probU-m below has been . changed into sever f arnis--sorne_wh i ch_ form 

compatible sets d,:cl scne which do hoc. Circle all sets of compatible riuinbers 



or each problem. 
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17 /■ , J. o" 30/7^TnT' 3er3"13^S"B' 30.7^bu u 



i5rTTtnr 



Change one or both of the ■■■;mbers to form 
set to divi ::3. 



comDatible "^t. i.-on ijse 



h.:nQe to 



E.s_T:.iiiia':e: 



/3 1 5 i 

19 /TTIT 



In the chart _.-^e Cv, ...y's credit zales 7ie purchase . pri ce and number 
of month: /he buyer na^ ''o pay off I ourchase are listed. E .:i:::aL:e the 
month' J payment for f . ; 



;ui^ibc;< I 
MONTHS 



:STIMATED COST 
PER MCNTH 



1i crocomDU"er 



;3793 



NSr ESTIMATION PRO.JlCT 
GRADE 3 - l£SSON 9 

OBJECTIVES : To revie\v bc.^ic cunoepts ^ivclvnij fractions and decimals 
1 ess Liiah I . 

To identify and dper.:-:e '^n fractions an'ri decimals near 0. 
1/2, and 1 . 



TEACHER BAC." GROUND 



According to national a^.^c- :c^nts, st^. /nhs abiliuy to estimate using 
fractions and decimals leso.chan. i is very weak, Sofne . bel i eve tiiis i 
because of a poor conceptual . background coT^cerning rational numbers. 
:n this lesson, attention . wi 1 1 be. focused on-;USing 0, 1/2, a^.d 1 as 
reference . poi hts when dealing with rational n'jmbers between D an*: 1. 
Speci fical ly, . students will.be asked to study xarious fractions and 
decimals and to dec;de which reference number e^^^.n is closest to. 
For example, \ 



0098^96 




•■ever a i 



n this lesion. 



RACTIDNS 



Relative s: 
values 0, 



tie fracLiofi compared to the reference 
■ a ; - For examp 1 e. 



r^acti or. 
0 s e to . 



/ 0 



Wnen the numerate " is very smah 
comoared to the denomi natcr . 



I 

J , When the numerator is aboL;! .-^ 
\ ^ the size of the denominator. 



-] When the i^merator is very close 
in size to :iie denoir.i nator . 



•-1 



( ■ 



2. Is the frc..tiori more or less than it's r^-^rererice vdlae:" 
ror example; 



7/15 and 3/8 are . each . 1 ess than : because 
Lhei r numerator is slightly less thai 
ha 1 f the dehbmi nator . 

7/8. is just. less, than 1 because the numerator is 
just less than the denominator. 

3. Selected Operations ihvoivirig ^-actions nea: G, I'Z, : 
For example, _ _ 

7/ 8 X 1 13 Q^o (j^^^^^"^ *S a.b&i^^ \ , SO -Hnc ^^^^^^^ 

1: Relative of a^ciiih^, coiiipc:;^^ed to reference values 

0, .5, :on^' 1. for examp e, 

.487 is about a ha i - . 

.0049 i s o.^out 0. 

. 927 i s almost 1 . 

Significance of the digits. Emphasis will be focLiS,:d on the 
digits immecii ate "iy following the decimal poinr -^■r examp le, 

^'Ai though .0C-'983 contains many digiCi,.]c is 
') because of . the digits immediately followin 
dec ima 1 poi nt . 

T" Ah KI MS- THE j- ON 

PART I: ^ iew with s:Mdents th^ idea of ^^^cidihg wr ; ch_ f ract i ons ar-; 

r_0_, _ 1 /2, and_ 1 as presented on the top. of . TR ^'1. Emphas '^e 
0 oaring numerators and denominators,. Ask students to classify 
ei ii of the fractions given on the transparency, 

ys _ at uenti on ..lore closely now on specifi.c fractions,. Once 

:_ dents have identif ied 4/9 as. near a. half discuss whether 

^c is more or less tnan l/E. This cou^d be 'described in at 
least 2 ways. 



4/9 _is ] e^■^ ■ ' , -\ f> ' '^ l ,?ss chan 

half 0-^ 9, 



The numerator woi;1 ''-d' ■: ■ j be 4 /''2 iic 
the fraction 1/2: L- "its less, ch-r 
is less than 1 / 2 : 



TR -'2 provides an opportunity to discuss and r>-:^view these 
ideas: Some students in your class will find these ideas 
very easy while others will need mo>^e help: 

TR t3 provides a discussion of how these ideas ; be 
extended to estimating sums of fractions: 

?URJ II: A parallel treatment of decimals between 6 and 1 i presented 

on TR #4: However, the cmohasis is not on compar 'imerators 
and denominators but focuses on the digit(s) ininic:. 
following the decimal point: Remind students that .,2.'^^^ 
past the hundredchs place serve me " ~ to produce aecarnciy than 
anything else Although :034 is S: htly larger than .G)3 
iz ^- very utinor difference in mo! circumstances. 
Mentally truncating th^ dig^'ts often sens confusion over 
the size of such decimals: 

The reference ooints for thtSi? decimals a^e again Q, 5 (one-half) 

-nd 1 : 



ANSWER KEY 





1 


- 4- 






2. 


/I, 


5 


]J_ 














3 . 


a) 


1 












im. 


i7 






50 


4 


9 






1 u r, 


T, 


19 




e) 


as 


4 


19 








b. 




4. 


in 


r,r 11 




3 or 










/ 



4 or 



50 or 51 

mi 



/ or 
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5. Answers iiieiy vary 

5. -a__ 32- 
g , IT , ^ ; 

6: :49^ :253, :e57 
V. .72, .501, .37 
3: a) .05, :10111, 

b) .5i5, .459, 

c) :947, :999, 
9. less than / 

n. less than 1 

1 1 . less than 2 

12. less than 1 

13. less than 2 

14. less than ? 

15. more than 1 

16. more than 1 



-{faction is e§©se 



co[rT5Pc..'"?ci -6 til® .^^liCiiisnator. 



size OY tlie deoofai^ri!;- - 




I 



A 



e 



3 
10 



2. 



/I -7 

— r / 



JO 



Fmssii! tiiese •'■:'f:etio(;'iis so mat ujai? aire eiissv. bm. greater- shar? ^g' 



9 



o 



11 



3 2.1 



W/i:se Yrsctibris so tiig-c: tSie^j are eSose m but less tin 



2 




1^ 



iiiacil fraciforss ars pst less tSiasi 



-5- 



IR/liaeri fractioEi'S are Just mc^^i-e tiiao ^ 















S 








li 





1 ■ 



^ more ttia-n 1 



less *ihan 1 



Th--:.?^^ vra©-£!atns £E-e all 
Ji:... jSss ihBti tvie^ 




Suppose i'sjc . : meim are ac-c^edl 

9 




i..-ss than 2 mes. J 




The pvm must be . . . 
t^k man BTiaeny 



i..oTe man 
2 



Suppose t[. of these fractfons 
are addec' , . the sum must be 



1 



S'.-:^:; i'^Q fractsoF^s. each less i;::an p , are aaded. 



1 



:c-i!6ns5 sadi greater thaai i , ar--;^- sdded 



3 ho sum must be 



„ Will/? 



5 



more tisars 



5 ^Z. 
9 15 



2 
5 



isss than 
more thasl 



2. 

15 



4: 



5 12 



sess man 
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Look at Ihsi digits tet^ 
af:<3T. the decimal jpdinL 



I/: 



V. 




.c 9670001 



0 . 



o iaentifvi- tales® as rtm&r , er 

„4701 .01 



.J03O29 --r .97 



„gi6 ^ .4SeQ0S -r 399D1 

.utvjasee^- .925 ^- .'^biqq 



50731-^" .4SS 



circle the fractions less 
than 5 . 




2. Circle the tract us gr^eater 
tnan 



8' 



17 



2T 




List the three fracti~ is closest to 0; 



c 1 OSes t to 



c 1 r sesL 



"ill III u.'ie numerator 
zo make these frdctions 
near \ : 



5. Fill in the denorrii nator 
to make these f ract i ons. 
near j b>it greater tlian 



9 



101 



6. Cirri e the decimal s less 
than cne-half. 



7. Circle the decimals greater 
than one-half r 



.49 


. .253 




.72 


.09 


.6 


.514 




.007 


.4999 


.7 


.057 




.501 


.87 



8. 


.05 




.947 




.999 




.50505 - 




.516 


.459 




. 101 1 1 




.1 


.9 



List the three decimals closest to 0: 

cl osest to J : 
cl osest to 1 : 



Use. what you know about fractions* and decimals to estimate the 
best answer^ 



9. 7 ^ 9 : 



more than 2 
less than 2 



10. 4 3 



more than 1 
less than 1 



11. 5 ^ 8 

7 + ^ IS 



more than 2 
less than 2 



12. 



,492 + .4857 is 



more than 1 



less than 1 



13. 



;9 + .9571 is 



more than 2 
less than 2 



14. 1 



more than i 
less than i 



^5 less than 1 ___ _ less than 1 

' n more than 1 ^6. -517+^ is niore than 1 

more than 2 ^ore than 2 
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NSF ESTIMATION PROJECT 
GRADE 8 - LESSON 10 



OBJECTIVE : To estimate problems of the type 1/4 of N, 

To extend 1/4 of N;td produce an estimate for 3/4 of N; 

To develop the idea of converting uncommon fractions within 

ah estimatidh situatibri to apprbximate common fractions. 



TEACHER BACKGROUND 

Many everyday situations use fractions and most of these involve 
commdn fractions.— 1/10, 1/4, 1/3, 1/2, 2/3, 3/4, 9/10. Others deal 
with fractions of_a_more precise. nature which often forces them to be 
a bit messier — 7/15, 3/13^ 29/38- 

This lessdh will^ focus on how estimation with both common a;id messy 
fractions can be accomplished. Basically^ the strategy will be to 
change any "messy" fraction to an approximately equivalent common 
fraction. Then.eompute with this common fraction and adjust the final 
estimate to reflect the change. 

Tihis strategy provides further evidence of the power and diversity of 
compatible numbers. As with other uses of the strategy, tne commdn 
fractions selected depend upon the operation as well as the numbers 
involved. Effective use of this strategy requires that students have 
a good understanding of fractions. They al so need practice in 
changing a "messy" fraction to a near common fraction and practice 
computing with common fractions. This lesson will provide such 
practice. 



TEACHING THE LES.Sj3Ji 



PART I. In estimating with fractions, it is important for students to 
be able to identify and use the more common fractional 
amounts (for example, 1/4, 1/3, 1/2^ 2/3, 3/4, or 9/10). In 
this lesson, we refer to these fractions as "nice" fractions 
because they are easy to mentally compute with. List these 
fractions on the board and discuss why they are called "nice" 
fractions. 

* "Nice" 'fractions are those commonly used in 
everyday situations. 

* "Nice" fractions are easier to mentally 
compute vHth than other fractions. 

Use TR #1 to review how "nice" fraction computation can be 
done mental ly . 



98 
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Multiplyihg by Uhi t_f racti oris . (f raetiohs whose- numerator 
1) is simply a matter of dividirig. For example: 



1 

1- 



Of 280 



Mo-^^ or no 



Practice this idea using the top portion of TR #1 . For 
problems which, i nyol ve a multipl'^ of a unit fraction, .this 
same process carv^be extended ... 




PART li: For &_£_ timati rig, problems such as ]/3 of 290, we need to 

change the 296 so that it is compatible with 1/3. 1/3 of 290 
is about 1/3 of 300 or 100-^ Let students discuss this idea 
then practice it using the problems on TR #2. You might 
present these problems orally one at a time or allow students 
several minutes to do the set independently then discuss the 
answers . 

PARf^iii: Suppose we need to make an estimate involving fractions which 
are.not so "nice"? for example, how will we estimate 23/49 
of 70? This is a fairly easy estimation problem IF we 
can decide what 23/49 approximates. 

Review the following ideas discussed in Lesson 9. - 



A fraction is 
close to: 



0 v?heri the numerator is small 
compared to the denominator: 

1 when the riUmeratbr is. about | 
the size of the deribmiriator. 

1 when the numerator is very close 
\^ to the deribmiriator. 
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Use TR #3 to begin discUssibh of how "itiessy" fractions can be 
estimated. .What !.'nlce" fraction is 23/49 near? It is a 
little less than 1/2 because the numeratdr is just slightly 
less than half_the denominator. So-, when estimating, 1/2 can 
be used to replace 23/49. 



^ of 50 i:^ ^ of 5G or 25 
£49 2 — 



Use the middle of TR #3 to help students practice finding 
;*nice'' fractions near each of the fractions listed. Their 
first step should be to identify whether the fraction is less 
than or greater than 1/2. Next, they can change _the 
numerator and/or denominator slightly to'' search for a "nice" 
number approximation. 

The bottom of TR #3 provides opportunity for students. to 
apply these "nice" fraction approximations in estimating. 
Encourage students to f[rst decide on the "nice" fraction.to 
be used, next find a compatible number for it, then finally, 
carry out the mental computation for their estimate. 



ANSWER 


KEY 


1 . 


4 


2. 


6 


3. 


8 


4. 


16 


5. 


16 


6. 


32 


7. 


60 


8. 


180 


9. 


510 


10. 


1020 


n. 


12 


12. 


S3d 



Answers may vary f or exerci ses 13-20. 

13. $5B, $25 

14. $120, $40 

15. $120, $80 

16. ' $80, $20 
17; $80, $60 
18. $60, $10 

8-10-3 



19. 


$50, $10 


2B. 


$3506, SI 400 


21. 


2/3 


22; 


1/4 


23. 


1/10 


24; 


1/2 . 


25. 


1/2 


26; 


1/3 


27. 


9/10 


28. 


3/4 


29. 


2/3 


30. 


about $340 


31. 


about 400 


32. 


about 700 


33. 


about 120 


34. 


about 120 - 


35. 


about 85 


36. 


about 80,000 


37. 


$25, $50 


38. 


a) S30,000-$31 ,000 




b) $2500-$2600 




c) $70,000-$80,000 



10. 
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1 



of 280 



1 



1 



of 9600 



of 350 



Id 



-T 9f 6300 



^ of 8400 



Use k of 280 I© 



^ of 280 




« • • « 



TRY THESE: 

i 

^ of 660 



^ of 660 



^ of 250 



A of 2S0 



of 250 



^ of 300 



of 300 



of 300 



ERIC 
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Change to a compatible set , 
then compute. . -. 



» Searchjora cpmpatibie set. 



THESE: 
of 317 

of 281 

of 5417 

©f 7246 




I 

3 
1 

I 

i 



1 

A 

3 

a 
s 

3 
S 



of 317 
of 28 3 
of S417 
of 7246 



TRY THilE: 



Estimafe Ifse discount. 




$49.18 





$237.49 




$113.16 




$38*79 



IQc 
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^ of 72i 





Clean the problem up. Jhink. . . 

23 - 

9 What common fraction is -r:^ near? 

^9 



' Change it. 



^ Compute 




Let's practice. P^ame a common fraction near saeh of these. 



17 M 



TRY THESE: 
Estimate^ . . 



% of 675 



if 

30 



§ of 3219 



p of 889 



of 878 



of 4204 



of 840 
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Name 



Mentally cbriipute: 

^' of 24= ^- ^ of 18 =_ 3. ^ 



I ^° = - 5. 1 ^ 5. I of 48 = 



^- I of 24Q = 8. 3 240 ^ ^: ^ ^^3^ ^ 

I of 1530 = ^ I of 16. ^2. r = 



Rewrite using a compatible number. Then use it to make an estimate. 
^ of $49.95 ^ of Eitimate:_ 



3 of $118.99 ^^-^^ I of Estimate: 



I of Sr,8.99 I of Estimace: 



^ :f <78.95 '^^-^ ^ of Estimate: 



I of $78.95 ' I of Estimate: 



of $61. 36 i-^^ ^ of Esti:nate: 



i of $48.88 ^ i of Estimate: 

0 3 . . — 



I of $3488 o'-i^ I of Estimate: 
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n— 1 in :^ t 



Find a "nice" fraction from this list 
that is near each "messy" fraction. 



1- 


1 


1 


1 


2 


3 


• 9 






1? 


? 


i 


? 


"Ttr 



21 . . 20 22. _5_ 23. 9 

TT "TT ^ 

24; -15 ' 25. 19 26. 9 

TT . — W ■ 



/27. 92 28. 61 29. 40 

"w w ■ 



Use "nice" fractions to estimate the rel^ult. 



of $580 ^^'-^ °^ 1599 

^ of 3495 33- 



i of 180 35. 12 



35. The newspaper reported that unemployment had reached ^ of the working 



4 



force in Detroit. Estimate the number of unemployed people if Detroit 
has a working population of 323,400. 



37. Estimate the di scdUht and the. new price on a tennis racket which sells 
for $74.95 and is advertised to be 1/3-off. 

DISCOUNT: • SAbE PRJeE. 



38. Property tax is based bh_the assessed valuation of property. The 
assessed valuation is 1/3 of the real value. Estimate the assessed 
valuation of the following properties: 

Property Real Va ltie As^es^ed V aluation 

House $92,500 

Car ■ $7,500 

Farm $£37,500 _ _ - 
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NSF ESTIMATION PROJECT 
GRADE 8 - LESSON 11 



OBJECTIVES : To revi ew and practi ce the COMPATIBLE NUMBERS strateqy for 
whole number divisidh. ■ "' 



To extend the COMPATIBLE NUMBERS concept to mixed 
operations. 



TEACHER BACKGROUND 



This lessgn_reviews the COMPATIBLE NUMBERS_ strategy for division and 
extends it to multi-step problems. COMPATIBLE NUMBERS are those 
combinations of numbers which permit mental computation. For example, 
289 T 14 can be thought of as 280- ? 14 since this' is easier to 
mentally compute than 289 f 14. 

Studehts_should be_made- aware that there are frequently different sets 
of COMPATIBLE NUMBERS which wil?-each provide good estimates. For 
example, _28g ? 14' can be thought of as 300 f 15 (or about 20). Th 
is_especially true when more than 2 numbers are involved or it is a 
multi -operation problem. An example will help illustrate this idea. 



3 21 X 9 could be expressed as 

17 ; 



1- 320 X i or ISO 



X 9 or 189 



17 



3- 320 X 10 or 169 
20 



Throughout this lesson_encQur age students to discuss the different 
possible sets of COMPATIBLE NUMBERS for each problem. They should 
also begin to develop generalizations about which' numbers in the • 
problem are more efficiently changed. 
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XEiCHiNG THE LESSON 



PART I; !Jse_TR #1 to review the CpHPATIBLE NUMBERS strategy for division 
taught in Lesson »S. Emphasize that.tha strategy allows you to 
ciiange the n-Jmbers so that they permit mental computation. There 
are different ways. these problems can be reformed so all 
reasonable combinations should be allowed; 

The exercises at the bbttbm_of_ttie_ transparency provide practiC'^ 
in searching for and using CDMPATIBbE NUMBERS; Sharing different 
solutions to these exercises will strengthen students' skills 
with COMPATIBLE NUMBERS. 

PART II. TR #2 illustrates how the_ GOMPATIBLE NUMBERS strategy can be used 
when we are estimating multi -step problems with both 
multiplicatioh and division. Again, students should initially 
step back and take a global look at the entire problem before 
searching for a way to take advantage of COMPATIBLE NUMBERS. 
Without this search, the problem could be unmanageable. 

PART III. TR_f3_ illustrates how fractions are often used with COMPATIBLE 

NUMBERS. Students should be aware that they have the flexibility 
to Teplace_some numbers in the computations with COMPATIBLE 
NUMBERS. Once these choices are made they Can mentally compote 
the estimate using a logical and convenient order of the 
bperati dhs . 

Mastery of this work with COMPATIBLE NUMBERS and multi-step 
problems takes time. Nevertheless understanding this process 
provides powerful estimation skills that have wide appli'^ation; 

USING THE EXERCISES : 

Students will likely nsed more practice to feel comfortable with the 
copcept presented in this lesson. You may wish to do the student sheets 
in class, discussing various problems as students work. 



ANSWER KEY: 



1. 


45/15 3 


2. 


720/80 9 


3. 


19 rTEt 20 


4. 


3500/40 90 


5. 


25 r?TWU~ 300 


6. 


about 6 


7. 


20-^ 


8. 


$2000-, S400+, $100- 


9. 


a) 4 X 500 = 2400 




b) 300 X 8 = 2400 



10. 



* * 

11. 



•12. 



a): 
b; 
c) 

a) 
b) 
180 
90 



20 X 14 = 280 
609 X i = 360 

= 200 
8 X 2500 = 20,000 
5000 X 4 = 20,000 

X 360 = 720 



or 



200 



360 
90 



800 



or 190 X 



2m 

90 



= 760 



13. 
14. 
15. 
16; 



3000-3600 
400-500 
7-8 
14-24 
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What makes these numbers compatib ie? 
What is your estimate? 



TRY THESE: 

of these, then estimate. 
12 ; 148 



Find compatible numbers for each 
Try to do them an in 2 minutes! 




4. 



2. JM 5. 23 ) 7486 

92 



3. 15 ) 448 6. 24Q8 

59 

110 8-11=TR1 
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How ean we estimate: 



9 



It could be made easier 
^ I with compatible numbers! 






We could: 




or 




or 




TRY TH iSi: 

Use a compatible set of numbers! 



1. 478 X 36 
7 



3. Oe X 217 X 58 
19 



2. 7t6^(^5 
8 



4. 94 X 198 X 14 
7 X 46 



ill 
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TRY THESE: 



1- * ^ 3. 18 X 59 

37 21 



2. 15^L^7 X 491 4. 94 x 46 x 14 

62 7 X 198 
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Find compatible numbers for each problem. Theri estimate; 



1. 45 
IS 

2. 71_9 

3. 19 /389 



Change to 



Estimat 



4. 3509 



5. 



26 / 7643 



6. The fastest barber on record shaved 368 faces in one hour. About how 
many faces were shaved each minute? 



7. 




At this_price, about how much does 
a cup of mi Ik cost? 



8. My salary is $22,700 per year. AbdUt how much do i make per month? 

- - ■ per week? per day? 

Each problem below has been set up several ways using compatible numbers, 
Find the estimate using each way. o 

9. 2 93 X 64J 

7 8 



(a) 280 
"TIT 



X 600 



300 X 



10. 6 13x14 
27 

(a) 6 0 0 
"TO" 



X 14 



(b) 600 X 1 
1 



(c) 600 X 10 
3D 
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11 



-2J-8 9 



6 1 2 



(a) A^JlJQ 
6 0 0 



2 5 0 0 



(bj 



5 0 0 0 X 



2 40 0 
66 6 



12. Find 2 ways to do this 



em. 



18 6 X 3 6 4 
9 1 



Make estimates for these: 

13. X 4 1? 
7 3 

14. 3 1 X 4 3 5 X 1 9 

5 9 X 9 



15. 6 5 2 

2 1x4 



16. 3 12 X 248 X 2 8 
39x49x58 
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NSF_ ESTIMATION PRQdEET 
GRADE 8 - bESSQN 12 



OBJECTIVE : To develop estimatidri skills when multiplying or dividing by 
numbers near a power of ten; 

TEACHER BACKGROUND 

Students are introduced to the "nice" numbers estimation strategy in 
this lesson. "Nice" numbers, as we are using the term, are those 
numbers which al'^ow mental computation to be performed quickly and 
easily. "Nice" lumbers considered here are powers of ten (e.g. 1, 10, 

The "nice" numbers strategy involves a technique in which students 
round selected numbers to **nice" numbers (e.g. i .03^sl ; 9.94^10) 
and then perform the indicated operations. After these operations are 
performed, a study is made to see if the refined estimate should be a 
little more or a little less. The following example Illustrates the 
entire process. 



^5,6 X 9.98 
^S.e X 10 

^56 




less than 455 

or 




/?ss ^OJrj to So my answer 
shiu^d be Aess^ih */5g. 




Prior to teaching this lesson you may want to review multiplication 
and division by powers of ten. 

:ssaN • 



PARI I: Provide examples of "Nice Numbers" using TR #1. "Nice 

Numbers" are those which make computation quick and easy. 
Point out that frequently numbers occur which are hear these 
"nice" numbers^ Give several examples then have students 
add to the 1 ist. Use the bottom of the transparency to, have 
students select the numbers which are near "nice" nurrjbers 
and state which "nice" numbers they are near. 
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PART II, 



Note: The acceptable range for these numbers will be . 

determined by the context of the problem in real -life 
situations. However ^ for our . lesson^ numbers hear 
id will generally be between 9 and 11 ^ whi le.riUinbers 
near 100 will generally be between 95 arid 105. 

Use the Calculator Worksheet (TR #2) to begin collectirig arid 
recording estimates for problems sUch as 23 x .97. 



Ask for estimates of the product from several students, 
example^ 



For 



23 X .97 



What is .97 hear? 

What will the product be near? 



Encourage students to think of .97 as "a little less than 
one. " For example. 



23 X .97 




.^7 /s a UHii. iess^ 
^3. 



These estimates should be_ recorded, then the exact answer 
cari be fourid usirig the calculator. 













/ST) 






















answer 



ERIC 



lis 8-12-2 



CbhtiriUe in. this mabrier estimating 892 x .97. Repeat this 
process with.several othernumbers hear nice numbers (e;g; 
1.04, 9^8, 10.9, 97.2, 103). 'Pick and choose problems 
from the chart as you wish. Students will not need to 
complete the whole chart before going bo. 

Students should be encouraged to seek a pattern .and 
verbalize this pattern when observed.. 

Patterj, : Siven a number near N, where N = a power of ten, 
the product of this number and any other number 
is found by multiplying by N and then adding or 
subtracting an adjustment (compensation-) determined 
by whether the given number was greater than or 
less than N; 



The compensation ( adding or subtract i ng the adjustment) i s 
a complex process. Students need to realize that the degree 
of accuracy depends on the situation, but exactness is not 
the objective. In this lesson, stress determination of 
whether the exact answer is more than or less than the 
i ni ti al estimate . 



Use the same process for division by near-nice numbers oh 
TR #2. Help the students notice that the pattern is now 
reversed^ When dividing by a number greater than N, the 
adjustment is subtracted; When dividing by a number less 
than N, the adjustment is added. This is a more complex 
concept and will need plenty of discu:,sion. 



For example. 



23 



.97 



e 



I Krmxxi -ihdi ^fid^e ay& 
^3 dh&'d )n ^3. 3a.4 

be more, ^ar) ^3-^ .<^7s 

m a23. 






Students vji 11 need to see a variety of examples to HeljD 
them incorporate this idea. 
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PART IV: Supervised Practice (use TR #3) 

Refer to the two. examples prcvided and then have the students 
try the six problems, ft is suggested that students share 
'estimating strategies orally with the class^ Specif ical ly, 
they should be encouraged to verbal i ze how they move from 
their rough estimate to their refined estimate. 

In many cases the refined estimate could simply be expressed 
by using the words "more than" or "less than*' and written 
with the symbols. + or For example. 

Estimate 

Problem Rough Refined 

430 X 10.2 4300 4300+ 

430- f 10.2 43 43- 



iLO£RCISES 

Worksheet |1 should be done immediately following the presentatidh of the 
lesson. It will give you a quick check on how well the students have 
picked up on the ideas presented. 



ANSWER KEY 



1 . 


4600 


4600- or 4500 


2. 


782 


782+ or 785 


3. 


840 


840+ or 845 


4. 


673 


673+ or 680 


5. 


5420 


5420+ or 5430 


6. 


29.8 


29.8+ or 30 


7. 


425,000 425,000+ or 


8. 


86.7 


86.7+ or 87 


9. 


342 


342+ or 350 


10. 


168 


168+ or 170 


n. 


520 


520- or 510 


12. 


8.46 


8.46- or 8 


13. 


12.38 


12.38+ or 13 


14. 


436.7 


436.7- or 436 



Us 
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16. 


8554.59 


17; 


2.999 


18. 


80.86 


19; 


41 .28 


20. 


86.57 


21. 


53990.74 


22. 


6.999 


23. 


$1 .40-$l .50 


24. 


yes 


25. 


less' 


25. 


$475- 


27. 


32.5- 


28. 


37+ 


29. 


2600+ miles 


30. 


$5.40+ 


31. 


$110,000- 


32. 


more 




Examples of Nice Numbers in Action 



3x1 



40 T 10 



S8 X 100 



85 



67 X 10 



2500 T 100 



Why are the underlined numbers called nice numbers? 



Numbers Near Nice Numbers 






^ ^ Rnd the numbers beiow wriich are hear nice numbers ^ ^ 
and state which nice humbefs they are near. 



1.09 



23.4 



781 



3.6 



.96 



78 



9.86 



.45 



102.9375 



97 



1.127 



17.2 



10.4 



135 
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€alcylator Worksheet 





1 - — 1 — 

Near 1 1 




I Near 


100 


X 


31 


1.04 9 


r~ — ^ — — H 


97.2 


10i. 


23 












892 




• 









ft 


Near 1 


; Near 10 


Near 100 


.97 


1.04 


9.8 


10.9 


97.2 


103. 


II 






— 








192 






;,, 
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Est-imati: 




TRY THESE: 

1. 485 X .985 
3. 175 X 10.53 
5. .862t- 1.03 



430 X 10,231 




430-10.231 




2. 7800 T 9.61 

4. 56 X 97.8 

6. 35,000 ^104 
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NAME 



We need 37 Fun Day tickets 
They cost $9; 75 each; 




quick 
estimate 



^ ad;3usted 
estimate 



Make a quick estimate dri these arid theri adjust, 



QUICK 



ADJUSTED 



1. 460 X 9.75 

3. 84 X 10.3 

5. 542 X 10.29 

7. 425 X 1015 

9. 3420 t 9.78 

11. 52,000 7 102.7 

13. 12,380 7 991 



2. 

4. 

6. 

8. 
10. 
12. 
14. 



782 X 1.05 
673 X 1 .08 
29.8 X 1 .1 
86.7 7 .98 
16,800 7 99 
8460 T 1029 
4367 \ 10.04 



ADJUSTED 



Here are the calculator results. One is correct, the other is wrong. Use estimation to 
help find the correct answer and circle it. 



15. 589 X .95 

15. 89576 T 10.35 

17. 35;75 t 11.92 

18. 87 h 1 .076 

19. 387 7 9.375 

20. 85^397 ■: 986.43 

21. 53.6 X 1007.29 

22. 6.7 .9573 



559.55 
8654.69 
426.14 
80.86 
36 . 28 
86.57 
53,990.74 
S.257 



629.945 
9271.16 
2.999 
93.61 
41 .28 
83.64 
52,864.50 
6.999 
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Use estimation to find reasonable answers for these problems. 



23. Your grocery store sells hamburger for $1,39 per_pourid. 
If you bUy a jDackage. of hamburger that weighs 1.08 lb., 
estimate what you will pay. 



24. Suppdse that 1 liter bottles of cola are_dh sale for 99$ 

a jDiece and you are_going_to buy 24 bottles for the 

church picnic. Will $24.85 be enough money to pay the 
bill? 



25. A racer averages 9.9 miles per hour when running long 
distances. Will a marathon race about 26 miles long 
take more or less than 3 hours? 

25. The owner of the.Sound Shop has 475_tapes in inventory 
and.makes about _95$ oh each tape sold. Estimate the 
profit if all of the tapes were sold. 

27. The Brocks drove 325 miles on 10.2 gallons of gasoline. 
Estimate their mileage. 



28, The Harts drove 370 miles on 9.85 gallons of diesel 
fuel- Estimate their mileage. 



29. Let's suppose that a cross cduntry train is able to 
maintain an average speed of 107 mph from 8:30 a.m. 
Until 10:30 a.m. the next day. Estimate the distance 
the train would cover in this amount of time. 

30. There are 97 students in the 8th grade class o^ 
defferson dr^ High. They are planning a trip which 
will cost a total of $540. Estimate the amount each 
student whould pay to cover the expenses of the trip. 



31. If 9,960 people bought tickets to see.REO.Speedwagbh 
in concert i and the tickets sold for $11.00 each, then 
estimate the total gate receipts for the concert. 

32. The tyj5ica1 American eats 96.3 pounds of beef each 
year, if the average price of beef is $2.42 a pound, 
would each spend more or less than $200 a year on 
beef? 
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NSF ESTIMATION PROJECT 
GRADE 8 - LESSON 13 



OBJECTIVE : To apply the FR0NT-ENB. and R9UNBIN6 strategies to problems 
involving mixed numbers (fraetibris and decimals); 

TEACHER BACKGROUND 

Students have al ready. been ihtrbdueed to several strategies for 
estimating. In this lesson we will work with mixed numbers. The 
first question which will be considered is: 

When is the fraction or decimal portion 

of a number significant enough to be considered 

in making an estimate? 

For example, . in problems _(aj and (b) below, the fractional parts can 
be ignored without sacrificing accuracy in the estimate. Whereas in 
problems (c) and (d), the fractional portion in both problems is 
significant and cannot be ignored, 

a. 38^ + 78^ c. 3^ X 28 



b. q.037 X 51.7 d. 3.98 + 7.79 + 3.465 



Why can the fractional (decimal ) portion be ignored in some cases but 
not in others? 

The bottom line is the effect it has on the estimate, 
which is. related to the operation as weir as the 
numbers involved. For example^ in (a) a rounded 
estimate is uneff ected- by the fractional parts. 
However, in {d)_the size of each addend is relatively 
-'"'"^ small and therefore ignoring the decimal portion 
^completely will produce more error. 

This sense of appreciation for the most important part of a number is 
critical in estimating and needs to be continually fostered with 
students. 

The same thinking process and strategies can be applied when 
estimating either fractions or decimals. Hence, in this lesson they 
are treated together. It_is hoped that this parallel treatment of 
decimals and f ractidhs^wi 1 1 gi ve students a better appreciation of 
the commonalities between them. 

Two estimation strategies will be used with mixed numbers -- FRONT-END 
and ROUNDING.. .Generally, the FRONT-END processis applied to addition 
whil^ the ROUNDING process is used with either addition or 
multiplication. In both strategies adjustments should be encouraged 
as estimates are refined. 
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TEACHING THE LESSON 



PART I: In many real -1 ife .apjDl icatidris of mixed numbers, the 

fractional part of the number is "ihsigriificant . That is, it 
represents such. a small part of the number that it can be 
ignored when estimating. At other times, the fractional 
amount is a significant part of the number and cannot be 
ignored. 

Using TR #l,.lobl< first at problems where the fractions and 
decimal portions are insignificant as compared to the whole 
number. Students should understand that often these can be 
ignored. Only the whole numbers are needed to make a 
reasonable estimate. 



156t 



+289| 



49f X 19j 

m:03' + 141.958 



Why. are only the 
whole numbers • 
important in making 
an estimate? 



Help students notice that the fractions are a negligible amount 
as compared to the whole number. They would be difficult to 
work with arid provide very little pay off. 



Consider the riext 3 examples on TR #1 



1.98 

+3.49 



2nJ X 



Why are the fraction 
and decimal parts 
important? 

Suppose they are 
ignored how would 
the estimates change? 



The fractional parts do make a difference here -- they are a 
significant part of the number and will need to be dealt with 
when forming an estimate^ This is in part because the whole 
numbers are relatively small^ but not solely for that reasori. 
Consider for example the last problem on TR #1: 

40.73 X 2.89 ^hat is important? 

What can be ignored? 

Here is an example which contains a decimal portion which can 
be ignored (40. 73 ) and one which cannot be ignored (2. 89 ). 
To estimate the answer, you might round 40.73 to 40 and Z7E9 
to 3 to produce 40 x 3 or 126. 



126 



8=13-2 




PART II 



Discuss each. of. the examples at the bottom of TR #l with 
students emjDhasi zing which parts of each problem are 
significant and which are not. Also mention that experience 
IS a. great teacher; As we use many different decimals arid 
fractions our judgment of significant and insignificant 
parts will injDrbve; 

Ask 5,tUdents_to use both FR6NT-END and ROUNDING to estimate 
the sums on TR_#2. As they estimate using FRONT-END with 
adjustment, help them group fractions easy to compute. 

For examjDle, 



If 



is 



4l 



10 




Use TR #2 and #3 to show students fraction and decimal 
estimation using both strategies^ Let them discuss which 
strategy might be best for each problem (i.e. which is 
easiest, which is most accurate). 

PART III: TR #4 illustrates the process of estimating products by 
firsts R0t)NBINS to the nearest whole number, second, 
MULTIPLYING and third, ADdUSTiN6 if possible. Equivalent 
decimals.ahdfraetions are used in the example (3 3/4 = 3.75 
and 1 5/8 = 1.525). This illustrates further the 
simil arity in the process for fractions and decimals. 

The adjusting procedure is the same for fractions as was 
applied to whole numbers: 

If both factors .are: 

- rounded up ah over estimate results . 



rounded down 



an under estimate results 
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If one factor is rounded up and one rounded down, a 
closer examination is necessary to decide if the 
estimate is ah over or under estimate. Generally, if 
one factor is rounded up and one down, the initial 
estimate is a good estimate. 
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ANSWER KEY 



1. 8x9 

2. 40 X 30 

3. 126+140 

4. 400 + 1500 

5. 3 X 400 

6. 5 X 9 

7. Each fraction is less than J and is lost if rounding is used (because 
each might be rounded to 0). Since there is no "FRONT-END'' whole 
number for these problems some grouping and adjusting is necessary. 

8. If rounding is used an estinate of 9 is produced. Adjustment is 
needed to take advantage of the decimal portions. 

9. low 

10. high 

11. high 

12. low 

13. low 

14. low 

1 5 . 1 ow 

1 6 . 1 ow 

17. 25-30 

18. 55-60 

19. 20-25 

20. lli-12 

21. 20-22 ; 

22. 525-575 

23. 60-61.5 

24. 2-2.5 

25. 25-30 

26. 28-28i 

27. 900-980 

28. 10-15 

29. 105-116 

30. 19-20 

31. yes 

32; yes 34. about $l66 

33. $55-60 35. about $240 
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Wfiicti fraction and d^scimaj portions 
are important in making a good estimate? 




1.98 lb. 

^QJ3 X 2.89 



TRY THESE: 

which of th<s fraetionai parts are important? 

2. 7 I X 3#3 4. ^ I ^ 2li 
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Adding Fraetiens 








3 









7 ^T(f ? 



OR ABQUT 2 MORE ) — 



TRY THESE; 






Estimate ©acfi sum in two ways, by rounding and by front-end. 



i. 


a 


+ 2^ + 


I + 




3 


5 


8 


2. 




- 3i . 


2i - 




5 


8 


6 


3. 




- 3i 






10 


5 


8 
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Rounding 
Front-end 

Rounding 
Front-end 

Rounding 
Front-end 



8 12 ^1 ' 
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Adding Decimals 




5.36 



3.m 



2.m 



1.79 



Estimate the total weight. 




3 + 2 + 5 + 2 = 



+ 2 + 3+1 = 



Pius about 2 more 




TRY THESE: 





1. 9.^16 + 7.2 + 3.3 + ^.m 



2. 



Round: 
Front^n^: 



4.296 + 1.0432 + 5.42 + 0.34 



3. 



21.43 + 9.21 + 1.46 + 3.98 



4. 



1.78 + 3.04 + 0.462 + 0.89 



5. 



34.2 + 41.3 + 17.925 
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Muitlplying 



3J5 X 1625 




To estimate the product. * * . 

1. Round both factors to the nearest whole humber 



3.75 X i.625 
4x2 



5^ X a 



4x2 



2. Multiply 

i 

4 X i 

3. Adjust by thin king about how you rounded 

Both htotlbers were | 
rounded up, so. . » / 




bess than 8 



TRY THESE: 




What if both numbers^ 



were rounded d©wn?_^ 






3l 


X 


23 




9 




5 


2. 




X 


eS 








8 


3. 




X 


a 




5 




2 



if. 5.368 X n.25 

5. 27.27 X 8. its 

6. 38.it3 X 42.1893 



What's really 
Important? 
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Sahanas 



33^ a 
pound 



'That's about 





Decide which numbers were probably used for these estimates 

ESTIMATE 



1 

2. 



7| X 8^ 



42.328 X 28.4325 



3. + 138^ 

4. 359.3 + 1502.71 

5. 2| X 389| 
5. 4.7 X 9.616 



72 

1200 
260 
2000 
1280 
45 



These were the 
numbers used. 



NUMBERS USED 



Tell why some adjustment is needed on t 
FRONT^END or ROUNDING is used. 

7 12 ^3-2-4^ 5 



problems regardless of whether 



8. 4.33 + 5.28 + .404 



Look at these estimates. Then decide if the estimate is t 



00 



2| X 5| 



10 



low 



or too low. 



10. 



high 
low 



-11 . 1 



4 ^ 28| 



600 



high 
1 ow 



IE. 



4 ^ 



24 



high 
1 ow 



13. 



43^ + 51.023 



94 



1 bw 



12 



1 ow 



15. 4.1075 X 3.693 



12 



high 
low 



16. 5^ X 8.023 



40 



high 

1 ow 



ERIC 



Estimate these. 

17. 4' * 4 18. 4 « s| 



21 / 4.17 X 5.83 22. 18.219 x 29.71 

23. 42.187 + 18.932 24. .3075 + 1.825 

25- .7| X 3^ 25. 4 H- 24 

27. 4^ X 194^ - 28; .875 X 15| 



29. 28^ X 4. 06 30. 3.076 + 15| 



Use estimation to solve these problems. 

31. need 10 pounds of beef for the chilM; We have 3 packages marked 3.275^ 
4;02/, and 2.834 lbs. Do we have enough beef? ■^^^y 

th^^'ft^^'W^ gallons of gas at $1,399 per gallon. Is S30 eno^h to pay 



33. The coat requires 4^ yards of material. It costs $11.87 a yard. About how 
much will the material cost for the coat? 

3^ Our wan is 8^ feat high and 24^ feet long. It is to be paneled with cedar 
which costs 494 a square foot. About how much will the paneling cost? 

35. The hallway is 29^ feet long arid sf feet wide. Carpet costs S2.Q4 a square 
earpetf includes installation. About how much will it cost for the new 
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NSF ESTiMATreN prbjebt 
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6BdRf;TTVF : To develop estimation skills with 1%; 10%, and 100% of a 
number. 



Many estimation problems involve percent. Students without a clear 
understanding of percents become confused when computing with them. 
Without an intuitive feel for percents, reasonableness of answers 
involving percents is impossible to develop. 

This lesson is devoted to increasing understanding and awareness of 
these three key percents. 



m ^ 

100 



As ybU can see students heed a good grasp of percent, decimals^ and 
fractions. Use of these percents in estimation situations will lead 
to greater uhderstahdihg of percents. It will also pave the way for 
extending compatible numbers to porcehts as we have already done With 
other numbers . 

TEACHING THE LESSON 

PART I. Help students fill in the appropriate percent (1%, 10%, or 
1d0%) in TR #1. We want them to rely on an intuitive sense 
for these answers. You might point out that 100% is 
everything, so it is the easiest to find. You might also 
call attention to patterns such as: 

259 X 1 = 259 25G 
259 X .1 ^25 OR 259 
259 X .91 ^ 2,5 259 



X 1 =250 
X ^ = 25 

X fm? = 2.5 



135 



PART II. TR #2 provides, a vi sUal . reini rider of impdrtarit mental 

computation patterns . . Either, fractibris or decimals can be 
used. It is. an individual chbicei and often depends on the 
numbers involved. 

discussion of the TRY THESE should include not only the best 
answer but a description Of hbw_it was determined. Hopefully 
students will share several different ways of deciding which 
answer is best. 

^RT III. These special percents (1?^, 19%, 100%) can often be used with 
compatible numbers to produce good estimates. TR #3 provides 
some practice choosing compatibles snd then making estimates. 
Encourage discussion of how to decide if the estimate used 
should be accompanied by + or -. 



ANSWER KEY 

1. 14 

2. 45 

3. 18 

4. 375 

5. 1.95 
6; 45 

7. 9 

8. .75 

9. less 
Id. more 
11. less 
"12. more 

13. more- — 

14. less 

15. less 
16; $16.70 
17. 8.3 
18; 11,107 
19. 550 
20; 5570 

21. 8 

22. idd 

23. about. $249 



24. 15(f-18(f 

25. I4d-147 pounds 
26; about $75 



/ 
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i used 1%, 10%, 100% 




250 
25 

2.5 




My answers got mixed up. 



Deeide what % goes he re. 



TRY THESE: 



Of 25000 S 2500 



of 25000 ^ 250 



of 25000 S 25000 



of 321 s 32.1 



of 321 S 3.21 




% of 250 ^ 250 
% of 250 = 25 
% of 250 s 2.5 




of 321 Sf 321 
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Save 10% 




100% of 890 (8.9 89 890) 



10% of $2570 ($25.70 $257 $2570 ) 

10% of $59.00 { $5.90 $.59 $59 ) 

1% of $999 ( $999 $99.90 $9.99 ) 

100% of 88.80 ( 88.80 8.88 .888 ) 

1% Of $34200 ( $34200 $3420 $342 ) 



ERIC 
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Sales Tax Rate 
9.2% 





Subtotal 

$58.68 
fax ? 



Choose compatibles 





10% of $60 ^ $6 



Adjust 



TRY THESE: 



$6- 



9.6% of 850 S 




1-^% of 2800 



98.6% Of 534 5 



10.23% of $670 S 



% %j Of $375 = 
8 



ERIC 
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Name 



Ci>cla the answer. 

1. ■'0% of 140 1.4 14 14G 1400 

2. 100% of 45 .45 4.5 45 



3. n of 1800 1.8 18 180 1800 

4. 100% of 375 3.75 37.5 375 3750 



5. 10% Of $19.50 1.95 19.50 195 1950 

6. 1% of $4500 45 450 4500 45000 

7. 10% of 90 9 90 900 9000 

8. 100% of .75 .75 7.5 75 750 



A quick estimate has been fbUhd for each problem, Yoa. decide if the adjusted 
estimate should be more or less. 



ESTIMATE More Less 

9. 9.65% Of $45 $45 

10. 1.03% of 855 8-55 

11. 98.3% of 7475 7475 

12. 10.53% of 1409 1469 

13. 1.23% of 551 6.51 ^ 

14. 95.3% Of 11,540 11^40 

15. 9.67% of 85 8.5 



Which Of these adjusted estimates is rriost realistic; 



16. 9.32% of $180 



17. n.4% Of 75 



18. 97% Of 11.450 



19. 91 1/8% Of 640 



20. 9.67% Of 57,600 



21. 9/10% Of 850 



22. 10.45% of 960 



$19:30 
8.3 • 



1 1,800 
720 
6000 



100 



$16.70 
6.7 

11,107 
560 

5570 
8 
90 



Use estimation to solve these problems. 



23. The salesman earns 9.75% of the selling price for 
coiranission. About how much will he make on a car 
sold for $2450. 



24. The city has a sales tax of 7/8%. About how much 
goes to the city on a sale of $19.95? 



25; Nearly 98% of our body weight is water. About 
how much water does a 150 pOUhd person contain? 



26. The current interest rate is 10.37%. About how 
much interest will a deposit of $700 earn in a 
year? 



NSF ESTIMATION PROJECT 
GRADE 8 - LESSON 15 



OBJECTIVE : To develofD skills with edmmorily used percents; 



TEACHER BACKGROUND 

Many real -life problems involve percent s and lend themselves to 
computational estimation. This lesson builds onto the previous lesson 
but is extended to other "nice number" percehts/;.. a. 25%, 33 1/3%, 
and 56'%). It involves changing percents to equivalent or nearly 
equivalent fractions, and using them to apply "nice number" strategies 
from earlier lessons. Here is an example: 



As you can see, once again students heed to have a good grasp of 
percent along with general relationships between percents and 
fractions before doing this lesson. 

lim XH£ tESSON 



PART I. Show only the vertical listing of fractions from TR #1 and ask 



students to copy them in the same order on their paper. Now 
show the entire transparency and help students match these ' 
percents with fractions^ Point out that we will often find 
the fraction form easier to work with when estimating. 

1 

The 1/2% probably deserves special mention. Ask students for 
any real -world examples such as 



How much will you save? 





ESTIMATE: $26^ 



1/2% butterfat in milk; 
a speci al sales tax; 
change in inflation rate. 



Also help students distinguish 1/2% from 1% and 50%. 



1/2% is less than 1%, in fact, it's half of 1%. 



Ha 
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PART 11. TR #2 shows how percents can to. fractidhal 

form then used with a compatible number to make good 
estimates. Emphasize the importance of the selection of a 
compatible number or the fraction involved. 

As this problem is being discussed, you might ask which is 
more important when someth-ing is being bought on sale: 

"About hbvv much is saved from the regular price?"; or 

"What is the approximate price paid for the item?" 

This directs students' attentionto the bottom line, namely 
which is the better buy. General ly, good estimates are • 
sufficient to make this decision. 



PART III. Sometimes we run into messy percehts, _i.e. pereents which 

do not have a cdittnon fractidhal equivalent such as ]M%. in 
these cases_we will usually make Use of a "nice number" 
percent that is close td the messy percent. TR #3 provides 
several applications of pereents. EncdUrage students to_ 
search for a "nice number" percent td Use that will result 
in a compatible set to compute with. 



ANSWER KEY 



1. 


1/4 


2. 


1/5. 


3. 


1/3 


4. 


1/2 


5. 


1/10 


6. 


1/16 


7. 


1/4 


8. 


1/5 or 1/4 


9. 


1/20 


10. 


$80, $40 


n. 


1/4 of $86, $26 


12. 


1/10 of $80, $8 


13. 


1/5 of $450, $90 


14. 


1/16 of $900, $90 


15. 


1/3 of $4500, $1500 


15. 


low 


17. 


low 


18. 


high 
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1 Q 


ni gn 




20. 


1 ow 




c 1 . 


hi gn 






1 dw 






high 






about 




to - 


about 


12 


::u . 


about 


310 


97 
CI • 


about 


300,000 


9Q 


about 


1 ,800 


9Q 


a) about $90 




b) about $300 




c) about $150 


3d. 


about 


$20 


31. 


about 


$600 


32. 


about 


$4.60 


33. 


about 


$2.25, 




about 


$12.75 
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Save about $2.86^ 
Approximate priee i4;^Qg_ 
Better buy 



TRY THESE: 



1. 




25Z OFF 



Save about 

Approximate price 
Better buy 



50% OFF 



35 i % OFF 




$488.49 

i02 OFF 
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Save about 

Approximate price 
Better buy 
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About how much is saved on this car? 




Reduced 

m 




[ $8088, iil ^ 



oo ooj 

^HUIIltil!iH!llilij-J 



Nice numbers used: 
Estimate: — 



About how much is the sales tax on this video machine? 





Nice numbers used: 



Fact: 36% of the population has an O*blood type. 




About how many people 
in our school have 0^lobd? 



School Ehrblfinent 476 



Nice numbers used: 
Estimate: ^ma^s^ 



NAME- 



Write a "nice" fraetidri which is approximate] y eqcial to each of these percents, 
1; 2A.98% 2; 13% 3; 34% 



4. 53% 



5. g 1/8% 



5. 12% 



7. 25 3/8% 



8. 22% 



9. 4 1/2% 



Chose compatible numbers you would use to make these estimates 
10. 1 11. , , 12.: 




$79.99 



1 



$79.99 



$79.99 



C think: 



50% off 
1/2 of 



25% off 

Of 



10% off 
of 



rough estimate 
of savings 



13, 




rough estimate 
of savings 



14. 



rough estimate 
of savings 



15 



19% off 
of 



10 3/8% interest 
of 



reduced 35% 

of _ 



rough estimate 
of savings 



rough estimate 
of savings 



rough estimate 
of savings 



Look at the "nice numbers" used here. Then decMgyf the estimate is too high or low 



16. '21% of 350 

- P 

18. 48% of 8250 
29. "32% of 600 
22. "22 1/4% of 



70 

low 



4125 



180 



low 



1 bw 



8080 JJf 




17. •lO 1/8% Of 1380 



19. *23% Of 12p00 




J/3j 

21. "32% of 600 



23; 22 1/4% of 4qpC0 



3000 fiQ^ 
low 



200 



low 



lopoo 



low 
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The American Red ^oss reports; 

■ r 




36 % 


have 


0 


positive blood 


6 % 


have 


6 


negative blood 


38 % 


have 


A 


positive blood 


6 % 


have 


A 


negative Blood 


8 % 


have 


B 


positive blood 


2 % 


have 


B 


negative blood 


31% 


have 


AS 


pidsitive blood 




have 


AB 


negative blood 



24. On a team of 11 football players, about how many will have 0 positive blood? 
25- Aboot how many students in a class of 35 will have A positive blood? - - 



26. In a_eity af 52„Q9i3, about how many people will have AB negative blood? 



27- The population of hos Angeles is just over three million people. About 
how many people will have a blood type of either B positive or B negative? 

Choose "nice" numbers to solve these problems. 

28. TTie newspaper reported that unemployment had reached 9|% of the working 
force. Estimate the number of unemployed in a city with 18,450 eligible 
workers. 

29. Waters Furniture Store is having a Clearance Sale with the following items 
discounted by 25%: 

Recliner Chair $ 385.00 - -- - 

Bedroom Set n95.dd ...^..u......^^ 

Sofa 535.00 

Estimate the amount of the discounts of each item. 

30. Let's suppose that yau have just purchased a hew stereo system for $398.00 
and the sales tax in your .city is 4 3/4%. Estimate the amount of sales 
tax bri this purchase. 

31. Thrifty Finance charges 181% interest oh loans of less than S5QQQ to be 
paid bacfc at the ehd.bf one -year. Estimate the amount of interest owed 
after one year on a loan of $3250- 

32. The bill for the Ramsey family at the El Serape Mexican Restaurant was 
$25.82. Mr. Ramsey vvarits to leave the waitress a 15% tip- Estimate 
the amount of the tip. : 

Estimate the arnount of discount and. the hew [jrice oh a_tehhis racket which 
sells for $14.95 arid is advertised with a discount of 15%. ^ 

discount 



EKLC 



150 



sale price 



